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INTRODUCTION 
Significant advances have been made over the past 25 years in improving the understanding of 
the behavior of saturated cohesionless soils subjected to monotonic and cyclic loading under 
undrained conditions. Included in these developments are a number of procedures which use the 
steady state line as a reference state (e.g. Been & Jefferies, 1985; Poulos et al., 1985). The key to 
the use of these methods is the condition that the steady state line in undrained shear is only a 
function of void ratio and conflicting evidence on this matter exists in the literature (Poulos et al., 
1985; Alarcon and Leonards, 1988; Dennis, 1988a, 1988b; Poulos et at, 1988; Konrad, 1990a, 
1990b; laid et al., 1990; Frost et al., 1991). 
The concept of structural collapse was formulated to explain the behavior of sands in undrained 
shear (Alarcon et al., 1988). Strain softening behavior during undrained loading is associated 
with the fact that the structure of contractive sands can be metastable. As a result, in a collapsive 
skeleton, small shear strains are considered to be sufficient to produce a sudden rearrangement of 
grains and loss of contact points between neighboring grains. For the case of undrained shearing, 
collapse of the structure results in the load being suddenly transferred from the sand skeleton to 
the water and produces a sharp increase in pore-water pressure. The substantial reduction in 
shear strength leads to large deformations of the sand in a short period of time. 
STEADY STATE CONCEPT 
The principle of steady state deformation was first formally presented in 1971 (Poulos, 1971) as 
an extension of the concepts of critical void ratio (Casagrande, 1940) and residual strength 
(Skempton, 1964). The steady state of deformation for an assembly of particles is that state in 
which the body is deforming at constant volume, constant normal effective stress, constant shear 
stress and constant velocity. It is achieved only after all particle re-orientation has reached a 
statistically steady state condition and after all particle breakage, if any, is complete (Poulos, 
1981). If straining of the specimen is stopped, the specimen is no longer in the steady state of 
deformation. 
There are conflicting opinions on the relative influence of the factors (composition, fabric, initial 
state and method of loading) affecting the stress strain behavior of sands at steady state. These 
differences in interpretation are based on conceptual issues as well as conflicting test results. It 
has been suggested (Poulos et al., 1985; Poulos, Robinsky et al., 1985; Castro, 1987; and Poulos 
et al., 1988) that the steady state line (SSL) is unique for a given soil and is only a function of 
composition and (a) the normal effective stress for drained tests or (b) the void ratio for 
undrained tests. However, re-interpretation of data obtained by Castro (Alarcon and Leonards, 
1988) shows that the SSL in drained shear is significantly different than that obtained in 
undrained shear. 
It has been argued (Alarcon and Leonards, 1988; Alarcon et al., 1988 and 1989) that the pore 
pressure response of sand in undrained shear depends not only on the potential volume changes, 
as determined in drained tests, but also on the tendency of the sand structure to collapse as 
displayed by the very rapid change in compressibility with respect to shear strain at small strain 
amplitudes. This collapse potential is a function of composition, fabric, and initial state of stress 
of the sand and thus these factors all influence the position of the steady state line. 
Results presented by Dennis (1988a and 1988b) show significant variations in the slope and 
position of the SSL resulting from what were considered minor changes in the preparation 
procedure. Other test results (Chen et al, 1988; Castro, 1988) show, in general, a unique steady 
state line even though a range of specimen preparation, initial stress and load methods were used. 
The effect of the rate and method of loading as well as the applied stress path were also 
examined by Torrey (1981). The results of that study indicated that the method of loading 
(incremental versus ramp loading using stress controlled tests) and the total stress path applied 
influenced the position of the SSL as much, if not more, than the rate of loading. The suggested 
dependence of the SSL location on the total stress path is of particular interest in view of the 
current state of practice whereby its position is usually determined from the results of axial 
compression triaxial tests, while cyclic tests are frequently performed using different devices 
(such as torsional shear devices which simulate earthquake loading more closely) and hence 
different stress paths. More recent results (Vaid et al., 1990) also suggest that the steady state 
line of a given sand is not unique. These tests show that for a given void ratio, the steady state 
strength is smaller in extension than in compression. Similarly, Konrad (1990a and 1990b) has 
shown differences in steady state strengths depending on the initial states of the specimens. Frost 
et al. (1991) presented the results of monotonic and cyclic torsional shear tests which showed the 
influence of initial fabric on the degree to which specimens collapsed. 
STRUCTURAL COLLAPSE CONCEPT 
The concept of structural collapse was formulated to explain the behavior of sands in undrained 
shear (Alarcon, 1986). Strain softening behavior during undrained loading is associated with the 
fact that the structure of contractive sands can be metastable. In a collapsive skeleton, small 
shear strains may be sufficient to produce a sudden rearrangement of grains and loss of contact 
points between neighboring grains. In undrained shearing, collapse of the structure results in the 
load being suddenly transferred from the sand skeleton to the water, resulting in a sharp increase 
in pore water pressure. Consequently, the shear strength is reduced substantially and the sand 
undergoes large deformatiOns. In the-process of deformation, the sand grains reach a statistically 
steady-state orientation after which the shear stress needed to continue deformation eventually 
reaches a very low, constant (steady state) value (as discussed by Poulos, 1981). In discussing 
the collapse hypothesis, Alarcon et al. (1988) presented interpretations of the results of torsional 
shear tests as evidence of the proposed mechanism. 
Typical results from an undrained cyclic torsional shear test at constant shear stress amplitude 
were presented by Alarcon et al. (1988) and are reproduced in Figure 1. First of all, it was noted 
that strain softening was initiated at a stress ratio (0' mob) that was higher than the stress ratio at 
mob the peak monotonic strength (0' 	16.6° vs 130 obtained in a monotonic test on a replicate 
specimen). However, more significantly, collapse occurred when the stress state during cyclic 
loading reached the effective stress path from the monotonic test; thereafter, the two stress paths 
were essentially the same. The initiation of strain softening behavior was clearly characterized by 
a sharp increase in pore water pressure and the development of large shear strains (point A in 
Figure 1). The abrupt increase in the rate of pore pressure generation and the corresponding 
development of large shear strains was considered to be strong evidence in support of the 
concept of structural collapse. 
Tests performed at different shear stress amplitudes yielded similar results (Alarcon, 1986). At a 
given void ratio, the monotonic stress path seemed to constitute a collapse boundary that 
determined the initiation of strain softening behavior under cyclic loading, provided that the 
stress paths were similar and the cyclic shear stress amplitude was larger than the steady-state 
strength. Consequently, re mob at the instant of collapse was not a constant value but a variable 
one depending upon the cyclic shear stress amplitude. 
In torsional shear tests on isotropically consolidated specimens the axis of the major principal 
stress changes its orientation from -45 0 to +45 0 from the vertical in the course of reversing the 
shear stress from clockwise to counterclockwise, hence the collapse boundary shown in Figure 1 
corresponded to this specific rotation of the principal stresses. For different amounts of rotation 
of the major principal stresses it was considered likely that this boundary would also change. 
Evidence for this can also be found in the work by Symes et al. (1984). Accordingly, triaxial 
tests and torsional shear tests would likely yield different undrained cyclic shear strengths, even 
in the absence of initial inherent anisotropy of the sand. For the same reasons, the collapse 
boundary would not be independent of the initial state of stress, since it would be influenced by 
the magnitude of the rotation of the planes of principal stress and their orientation with respect to 
the principal axes of anisotropy. 
On the basis of the foregoing evidence Alarcon et al. (:1988) explained why the undrained steady 
state strength (F line) might be considerably smaller than the strength obtained from constant 
volume drained tests (S line) as was shown elsewhere using Castro's data (Alarcon and Leonards, 
1988). It was postulated that the pore water pressure response of sand specimens in undrained 
shear not only depended on the magnitude of the potential volume changes but also on the 
tendency for very rapid changes in compressibility close to the mobilization of the peak 
monotonic strength. Thus structural collapse or instability would be of little consequence in 
drained shear however would result in a sharp increase in pore water pressure in undrained shear 
and consequently a large decrease in the undrained shear strength. 
FURTHER EVIDENCE OF STRUCTURAL COLLAPSE 
The results of undrained torsional shear tests were presented by Frost et al. (1991) and are 
discussed within the framework of structural collapse and its influence on steady state. 
Structural Collapse in Cyclic Tests 
As discussed earlier, evidence of structural collapse is found in cyclic tests (Figure 1) where the 
initiation of strain softening behavior is characterized by an increase in the rate of pore pressure 
generation. This was confirmed by the results of a large number of cyclic torsional shear tests 
performed at different initial effective confining stresses and void ratios using different specimen 
preparation techniques. The manner in which the pore pressure generation rate increases for a 
given void ratio is related to the actual stress state at which the stress path during cyclic loading 
reaches the effective stress path from the monotonic test (Point A in Figure 1b). This is 
illustrated by the results in Figure 2, where slopes of pore pressure versus time curves 
immediately before and immediately after the initiation of collapse are compared. As the 
stiffness of the sample decreases (larger values of pore pressure ratio), the degree to which the 
sample collapses is reduced, as evidenced by the change in the rate of pore pressure generation at 
the initiation of collapse. 
Effect of Initial Fabric on Steady State 
As noted earlier, there is conflicting evidence in the literature as to the effect of specimen 
preparation and stress path on steady state. The results of undrained monotonic torsional shear 
tests performed to determine the steady state line for Ottawa 20-30 sand are summarized in 
Figures 3 and 4. In particular, Figure 3 compares results from tests performed on specimens at 
approximately the same void ratio but prepared, using different techniques. The specimens 
exhibit significantly different behavior in terms of both peak strength and post-peak strain 
softening. The axial strains during isotropic compression were comparable regardless of the 
method of preparation. It is postulated that differences in non-uniformity of local fabric play a 
role in the observed behavior, however the small differences in void ratio (0.646 versus 0.653) 
certainly contributed to these differences as well. It is also noted that the stress-strain curve for 
the specimen prepared using the dry tubing method exhibits larger local fluctuations when 
compared to the specimen prepared with the modified air pluviation method and this is believed 
to reflect the importance of fabric at a more local level even at shear strain levels approaching 
steady state. 
When the results from these tests are plotted, along with results of other tests on the same sand 
(Figure 4), the steady state points for specimens prepared with the tubing technique (Tests 64 and 
66) are outside the steady state line representative of tests prepared using the modified air 
pluviation technique, and thus indicate a separate steady state line is appropriate for specimens 
prepared in this manner. These results agree with data reported by Dennis (1988a and 1988b) 
and suggest that the steady state during undrained shear is not only a function of void ratio but is 
also related to the initial structure of the sand. This finding deviates from the usual assumption 
regarding uniqueness of the steady state line. 
The importance of initial structure is further evidenced by the result of tests B36 and B36a shown 
in Figure 6. A specimen was consolidated initially under an isotropic confining stress of about 
50 kPa with a void ratio of 0.659 (Dr = 33%). During loading the specimen reached a quasi-
steady state of deformation and was able to sustain a shear stress of about 11.8 kPa at a mean 
normal stress of 28.1 kPa. The shear stress was then removed from the specimen and it was 
reconsolidated under the same isotropic confining stress of about 50 kPa to a void ratio of 0.637 
(Dr = 43%). On reloading, the denser specimen again reached a quasi-steady state of 
deformation but was able to sustain a shear stress of only 6.9 kPa at a mean normal stress of 12.1 
kPa. On a state diagram (point B36a in Figure 4), the steady state point for the reload test plots 
far below the steady state line determined for virgin specimens including the initial test. This 
suggests that the structure of the reloaded specimen, while denser, was more conducive to pore 
pressure development during undrained loading. 
A similar sequence of cyclic undrained torsional shear tests was also performed. A specimen 
was isotropically consolidated to a' mean confining stress of 100 kPa and a void ratio of 0.682 
(Dr = 24%). The maximum shear modulus was determined to be 82.4 MPa. The specimen was 
then subjected to a cyclic shear stress of about 14 kPa. Strain softening behavior was initiated at 
a shear strain of about 0.3% after the application of 9 cycles as shown in Figure 5, at which stage 
the rate of pore pressure development increased sharply. A steady state condition was reached at 
a shear strain of about 5% and the test was terminated at a shear strain of 13%. The shear stress 
was then removed from the specimen and it was reconsolidated isotropically to a mean effective 
confining stress of 99.5 kPa. The void ratio at this stage had decreased to 0.641 (Dr = 41%) and 
the maximum shear modulus was determined to be 77.5 MPa. It is noted that for this 
combination of confining stress and void ratio for Ottawa 20-30 sand, a G max value of about 90 
MPa would have been expected (Frost, 1989). This reduction in G max is attributed to a change 
in the grain structure during the initial loading, thus 'while the specimen is denser following 
reconsolidation, it has a structure which is less stiff in the direction of the applied torsional 
vibration loading. It was then intended to subject the specimen to a cyclic shear stress of about 
14 kPa as in the previous test, however, during the first load cycle, strain softening accompanied 
by the development of large pore pressure was observed (Figure 6) with the specimen reaching 
steady state at a shear strain of about 3.5%. 
Several aspects of the results in Figures 5 and 6 are of interest. They confirm that the application 
of large shear strains during the initial loading resulted in a particle arrangement which while 
denser was more conducive to pore pressure build-up during subsequent undrained loading. 
During the initial loading, the specimen reached the steady state of deformation at which stage it 
was able to sustain a shear stress of about 5.2 kPa at a mean normal stress of 15 kPa. Following 
reconsolidation, the denser specimen was able to sustain a shear stress of only 2.6 kPa at a mean 
normal stress of 12 kPa. Again, it can be seen on the state diagram that the steady state point 
(point B 11 a in Figure 4) for the reload test plots far below the steady state line determined for 
virgin specimens (Point B11). This difference is again of interest in view of the fact that it 
contradicts the assertion that the steady state condition is only a function of initial void ratio for 
undrained tests. The results of these tests further substantiate that the fabric may also be 
reflected in the behavior at steady state. 
FABRIC QUANTIFICATION 
The results of torsional shear tests presented above as evidence of the concept of structural 
collapse indicate that the degree to which a specimen collapses, and hence its steady state 
position in the state diagram, is dependent on the loading conditions and the initial fabric of the 
sand. This finding is consistent with other published test results and suggests that research to 
quantify the fabric of cohesionless soil specimens is fundamental to the use of energy principles 
in quantifying failures associated with liquefaction. 
A soil mass is essentially composed of discrete soil particles, the mechanical behavior of which 
is influenced to a great extent by the arrangement of individual particles, particle groups, and 
pore spaces. This arrangement is usually termed "fabric". Previous work brought recognition of 
the importance of fabric in the observed response of particulate media under monotonic and 
cyclic loading. However, most studies on soil fabric still yield results that are more qualitative 
than quantitative. The reason for this disappointing progress to date is in part due to the fact that 
the existing quantitative techniques were too laborious. The research being conducted as part of 
this project is exploring a new, viable procedure of quantifying soil fabric with the aid of image 
analysis. New procedures which integrate aspects of image analysis, mathematical morphology 
and stereology are providing valuable insight into the fabric of soil. 
The fabric of specimens of granular materials are being quantified by employing image analysis 
techniques to examine local void ratio distributions, anisotropy (fabric tensor), and uniformity. 
A new method using image processing and analysis techniques was developed to determine local 
void ratio distribution (Kuo and Frost, 1994). This method eliminates the operator judgment and 
the manual work of earlier' procedures, and makes local void ratio distribution more viable as a 
parameter to quantify sand fabric. Typical results are shown in Figures 7 and 8. 
The image analysis based measurement techniques are also being used to determine some 
stereology based fabric tensors: surface area tensor, mean free path tensor, and porosity tensor. 
Computer algorithms will be developed that will allow for determination of these fabric tensors 
using image analysis techniques. Experimental examinations of uniformity at a small scale will 
be conducted by employing the stereological principle, the equivalence between volume fraction 
and area fraction, on microscopic images of soil specimens. A sampling strategy has been 
proposed which will allow porosity variations in the vertical direction as well as in the radial 
direction of soil specimens to be examined. 
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Introduction 
Significant advances have been made in improving the understanding of the stress-strain 
behavior of saturated cohesionless soils. Numerous methods of testing and equipment have been 
developed over the past 30 years in an effort to simulate in situ conditions and characterize the 
soil's response to undrained static and cyclic loading. Castro (1969) performed extensive stress-
controlled tests on a variety of specimens with different gradations, grain sizes and shapes of sands 
prepared by the moist-tamping method. The steady state line was found to be a unique function of 
void ratio for each material and thus a potentially useful reference line. However, conflicting 
evidence regarding this concept of uniqueness exists in the literature (Poulous, 1981; Poulos et al., 
1985; Alarcon et al., 1988; Frost, 1989; Konrad, 1990a, 1990b; Vaid et al., 1990; DeGregorio, 
1990). 
The concept of structural collapse was introduced to explain the sudden increase in pore 
pressure associated with the initiation of strain softening under either monotonic or cyclic loading 
(Alarcon et al, 1988). The concept was used to explain why steady state conditions in drained 
shear are not necessarily the same as in undrained shear. The pore pressure response of sand in 
undrained shear depends not only on the potential volume changes, as determined in drained tests, 
but also on the tendency to collapse, i.e. tendency for a sudden change in particle arrangement 
(fabric). The degree to which a specimen collapses, and hence its steady state position in the state 
diagram, is dependent of the loading conditions and the initial fabric of the sand (Degregorio, 
1990; Frost et al, 1991). Ibrahim and Kagawa (1991) showed the effects of the specimen 
preparation method on the fabric of sand and the change of sand fabric due to cyclic loading 
leading to liquefaction. With the help of microscopic measurement it was qualitatively observed 
that for a "randomly" arranged sand specimen prepared by dry pluviation, cyclic shear tends to line 
up the arrangement of sand particles, resulting in a less random arrangement of sand particles. In 
the case of "regularly " arranged sand specimen prepared by wet tamping methods, the opposite 
trend was observed. 
Fabric Effect on the Behavior of Sand 
Fabric refers to the arrangement of particles, particle groups, and pore spaces in a soil. 
Fabric is usually defined as the spatial arrangement of particles, which includes the orientation of 
each particle, the distribution of the contact normal, and the distribution of void ratios. The 
characteristics of the fabric depend on the sample preparation method. 
Figure 1 compares results from tests performed on specimens at approximately the same 
void ratio but prepared using different techniques (Frost, 1989). The specimens exhibit 
significantly different behavior in terms of both peak strength and post-peak strain softening. It is 
also noted that the stress-strain curve for the specimen prepared using the dry tubing method 
exhibits larger local fluctuations when compared to the specimen prepared with the modified air 
pluviation method and this is believed to reflect the importance of fabric at a more local level even 
at shear strain levels approaching steady state. Figure 2 shows similar variations in stress-strain 
behavior and stress path for three specimens at almost the same void ratio but prepared by different 
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Structural Collapse in Cyclic Tests 
At a given void ratio, the monotonic stress path seemed to constitute a collapse boundary 
that determines the initiation of strain softening behavior under cyclic loading, provided that the 
stress paths are similar and the cyclic shear stress amplitude is larger than the steady state strength. 
The initiation of strain softening behavior is characterized by an increase in the rate of pore 
pressure generation. The manner in which the pore pressure generation rate increases for a given 
void ratio is related to the actual stress state at which the stress path during cyclic loading reaches 
the effective stress path from the monotonic test (point C, C° in Figure 3) 
Figure 3 Schematic Stress Path for Monotonic and Cyclic (after Alarcon et al, 1988) 
Fabric Quantification 
The importance of fabric was noted earlier in the behavior of saturated sand under 
monotonic and cyclic loading. Research during the current period has resulted in the development 
of image analysis based methods to quantify the fabric of specimens of granular materials. 
Techniques to examine local void ratio distributions, anisotropy (fabric tensor), and uniformity 
have been developed (Kuo, 1994 - Attachment #1). The method and results are presented in detail 
in 2 papers that has been submitted to Geotechnique for possible publication (Attachments #2 and 
#3). 
Now that the methodologies have been developed, they will be used during the remainder 
of this research effort to study the evolution of fabric in cohesionless soils under monotonic and 
cyclic loading and relate this to the observed collapse behavior. Accordingly, the initial and post-
consolidation fabric of specimens (point 0 and A in Figure 3) prepared by 2 different sample 
preparation methods will be quantified with the help of new methodology. Further, changes in the 
fabric will be observed particularly at points B, C, and I) under monotonic loading and B', C', and 
D' under cyclic loading. Points B and B' are on the monotonic and cyclic stress paths respectively 
at an effective stress level corresponding to the peak strength point on the monotonic curve. Points 
C and C' are at the effective stress level where the cyclic effective stress path reaches the 
monotonic effective stress path. The steady state position is indicated as point D and D'. A 
summary of the tests to be performed is given in Table 1„ 
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SUMMARY 
A soil mass is essentially composed of discrete soil particles, the mechanical 
behavior of which is influenced to a great extent by the arrangement of individual 
particles, particle groups, and pore spaces. This arrangement is usually termed "fabric". 
Previous work on fabric analysis brings recognition of the importance of fabric in the 
observed response of particulate media under monotonic and cyclic loading. However, 
most studies on soil fabric still yield results that are more qualitative than quantitative. 
The reason for this disappointing progress to dale is clearly that the existing quantitative 
techniques were too laborious. This research explores a new, viable procedure of 
quantifying soil fabric with the aid of an image analysis system. New procedures which 
integrate aspects of image analysis, mathematical morphology and stereology have 
provided valuable insight into the fabric of soil. 
The fabric of granular materials is quantified by employing image analysis 
techniques to examine its local void ratio distribution, its anisotropy (fabric tensor), and 
its uniformity. A new method using image processing and analysis techniques was 
developed to determine local void ratio distribution. This method eliminates the 
operator judgment and the manual work of earlier studies, and makes local void ratio 
distribution more viable as ,a parameter to quantify sand fabric. The definitions and 
measurement techniques for some stereology based fabric tensors: surface area tensor, 
mean free path tensor, and porosity tensor are introduced. Those measurement 
techniques are then implemented using an automated image analysis system. Computer 
algorithms are developed that allow determination of these fabric tensors easily using 
image analysis techniques. Experimental examinations of uniformity at a small scale are 
xiv 
conducted by employing the stereological principle, the equivalence between volume 
fraction and area fraction, on microscopic images of soil specimens. A sampling strategy 
is proposed which allows porosity variations in the vertical direction as well as in the 
radial direction of soil specimens to be examined. The proposed methods are applied to 
examine the uniformity and initial fabric of an actual sand specimen and demonstrate that 
the procedures developed in this research are viable and efficient in quantifying the fabric 




STEREOLOGY BASED FA RIC TENSORS - PART I 
DEFINITIONS AND MEASUREMENT TECHNIQUES 
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Abstract 
Increased recognition of the importance of fabric in the observed response of 
particulate media under monotonic and cyclic loading has led to the development of new 
procedures to quantify this role. Fabric tensors which characterize the distribution of 
directional data ( anisotropy) from microscopic observations are considered to be a useful 
measure of fabric in addition to porosity for granular materials. This paper reviews several 
stereology based fabric tensors where formulations in three dimensions can be obtained 
with observations on three mutually perpendiicular planes. The definitions and 
measurement techniques for those fabric tensors are discussed. Fabric tensors are directly 
usable in design applications as they can be, used explicitly in continuum models to describe 
the discrete granular medium in a continuum sense . 
A companion paper presents the implementations of these measurement techniques 
using image analysis. 
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Fabric Tensors and Soil Modeling 
There is increasing evidence that the mechanical behavior of granular materials 
depends to a great extent on the relative arrangement of voids and particles which is 
usually termed "fabric". Some attempts have been made to develop a fabric tensor 
which describes the packing of granular materials. Fabric tensors which characterize 
distribution of directional data are measures of the anisotropy of the microstructure and 
are considered to be a useful measure of fabric in addition to porosity for granular 
materials. Moreover, they can be used explicitly in a continuum model thus allowing 
the discrete granular medium to be described in a continuum sense. Some of the efforts 
in developing the constitutive formulation of granular materials taking the fabric tensor 
into account are reviewed in this section. 
Oda et al. (1984) theoretically formulated elastic compliance for cracked 
materials like rocks and rock masses in term of the generalized fabric tensor which 
explicitly expressed the crack geometry. On the assumption that the elastic interaction 
between cracks is negligibly small, Oda concluded the principal axes of a fabric tensor 
of second-rank exactly coincide with the symmetry axes of the elastic compliance tensor 
of fourth-rank. He also found that the supersonic wave velocity is closely related to the 
character of the fabric tensor and is useful to estimate the fabric tensor of in situ rock 
masses. 
Cowin (1985) developed the relationship between the fourth rank elasticity 
tensor, the tensor that relates the stress tensor to strain tensor, and the fabric tensor. 
Cowin (1986) also developed a strength criterion with a dependence on fabric tensor. 
Sedegh et al. (1991) further extended Cowin's work and established a stress-strain-
fabric relationship which is an extension of the anisotropic form of Hooke's law to 
include a dependence of the elastic coefficients upon a second-rank fabric tensor. The 
inversions related to the stress-strain-fabric relationship were considered. They 
showed that it is possible to construct the stress-strain-fabric relation from the strain- 
stress-fabric relation and vice versa. They also showed a semi-inversion of the 
relationship between the fourth-rank tensor of elastic coefficients and the fabric tensor. 
This permits the determination of the fabric tensor by measurement of anisotropic 
elastic constants of materials. 
Tobita (1989) carefully examined the constitutive formulation including the 
fabric tensors as internal variables. He pointed out that a granular mass subjected to a 
general stress path including the rotation of principal stress axes shows less symmetry 
(more anisotropy) that orthotropic symmetry, which is a consequence of the fact that 
there are, at least, two fabric tensors showing completely different evolution modes 
(Figure 1). The experimental foundations for the different evolution modes for 
orientation tensor and contact tensor were given by Oda et al. (1985). As a result, the 
combined fabric tensor frii ,H, J̀ = HTH („j2) , 	may be a good candidate for a 
generalized fabric tensor which preserves important features stemming from the 
introduction of two independent fabric tensors. Tobita also concluded that in two 
dimensions, the introduction of fabric tensor being non-coaxial with the stress tensor 
is essential to describe the non-coaxial and dilatant behavior under the rotation of 
principal stress axes. 
Muhunthan (1991) proposed to use the second invariant of the fabric tensor ,J f , 
to be a fabric parameter. He then proposed that :" soil particles, irrespective of their 
insitu nature of structural arrangement, tend towards an ultimate arrangement 
characterized by a value of the fabric invariant ( ,J 1 ) to a certain type of 
loading". He further proposed a fabric state parameter v f along the lines of the 
existing state parameter v (Been and Jefferies, 1985) based on the distance to the 
(J f ),2, line (i t = (J r ) i.„,„, — (J 1 )„„). The classical three dimensional space state 
variables (p,q,e) of Critical State Soil Mechanics (CSSM) were also extended to four 
dimensional space (p,q,e, J r ) including the fabric parameter. Muhunthan (1991) then 
developed a simple stress-strain model with inclusion of the fabric tensor along the 
lines of Modified Cam-Clay model by using the theory of thermodynamics. The model 
incorporates an additional parameter (3 related to fabric. 13 is a parameter relating the 
rate of change of the fabric tensor (Cp u ) to the rate of the change of the deviatoric strain 
tensor ( ). The model reduces to the Modified Cam Clay with 13 =1. 
Recently, Oda and Ohnishi (1992) generalized the Cam-clay model for isotropically 
hardening soils to include the plasticity for anisotropically hardening soils by simply 
1 _1 
substituting a modified stress tensor T o for stress tensor a o in which T o = —
3
F (s ki , and 
is the fabric tensor. Nakai and Funada (1992) extended an elastoplastic model for sand 
(kinematic t o -sand model, Nakai, 1989) to describe the behavior of sand with inherent 
anisotropy. In the formulation of the model, only the stress ratio tensor x 1  is replaced by 
x i, which is modified by a fabric tensor b o . Only one soil parameter, the ratio of principal 
values of b 1  ( b, / b 3 ), is added. The validity of the proposed model was then confirmed 
by the results of isotropic compression tests, triaxial tests and plane strain tests. 
Review of Methodologies for Quantifying Fabric Tensors  
The spatial distribution of various micromechanical quantities such as contact 
normals, the orientation of the long axis of particles and the shape of associated voids (see 
Figure 2 ) have been used to define a fabric tensor. The concept of " fabric tensor" evolved 
as a means to describe the discrete granular medium in a continuum sense. The most 
fundamental second order fabric tensor is given in a mathematical form as ( Tobita, 1989): 
H = — 47t I H(0)fl i n i dS1 
	
(1) 
where H(0) denotes the spatial distribution with respect to a specified geometrical 
quantity; and is defined by H(0) = VIE(S2) where Fi = H(Q)di) and E(0): the 
probability density function, n, denotes the unit normal of an elementary solid angle dO. 
The term S2 is the whole surface of the unit sphere. 
Oda (1982) defined a fabric tensor F q for discontinuous geological materials by 
taking into account: (1) the position and density of cracks; (2) the shape and dimension of 
cracks; and (3) the orientation of cracks. The fabric tensor can then be calculated through 
the number of cracks which cross scanning lines. A similar fabric tensor was proposed for 
granular materials in which an assembly of particles is represented by an assembly of 
branches, lines connecting the centers of adjacent connecting particles. The density, 
dimension and orientation of branches is then used to define fabric tensor in the same 
manner as in the treatment of cracks. 
Oda et al. (1985) further proposed to characterize the anisotropy of granular 
materials by : (1) the distribution of contact normals; (2) the orientation of non-spherical 
particles; and (3) the shape of the voids. The two-dimensional illustrations of orientation of 
a particle, contact normal, and branch of a particle are shown in Figure 3. Oda et al. (1985) 
actually characterized the orientation and shape of voids by the mean free path, the mean 
edge-to-edge distance between particles, 1(p), where p is the unit vector of scanning lines. 
When lines pass through both solid particles and voids, 1(p) is the mean path length 
through the voids in the direction p. Konishi and Naruse (1988) introduced an alternative 
approach to quantify the shape, size and orientation of voids where a void with n curved 
segments is replaced by a polygon with n vectors along the chords (Figure 4). 
As reviewed, the spatial distribution of various micromechanical quantities such as 
contact normals, the orientation of long axis of particles and the shape of associated voids 
have been used to define the fabric tensor. However, it is almost impossible to identify 
contact normals or the particle orientation for each particle in three dimensions. In practice, 
two dimensional equivalent tensors that can be determined by measuring contact normal 
distribution (or particle orientation) from vertical and horizontal sections are introduced. 
Then, the two dimensional equivalent tensors ( Pd are extended to one three dimensional 
fabric tensor (F 1 ) under assumptions of (1) axial symmetry and ( 2) the principal values of 
P, and ]F2 in two dimensions are proportional to the principal values F, and F2 in three 
dimensions (Oda & Nakayama, 1989). Furthermore, the determinations of contact normal, 
or branch (Figure 3) , or void polygon (Figure 4) all rely on the contact of particles in 2-D 
sections. However, for particles which contact in three dimensional, they may or may not 
show contact in a two dimensional section. In fact, most of them will show separately in a 
2-D section since the probability of intercepting the contacts in a 2-D section is generally 
very small. 
This paper employs different fabric measure for granular materials in which fabric 
tensors are formulated in three dimensions based on the principle of stereology. 
Stereological methods are precise tools for obtaining quantitative information about three 
dimensions based mainly on observations made on sections. Hilliard (1962, 1967) has 
provided a mathematical framework for the quantitative description of anisotropic 
structures. He dealt with the orientation distribution of lines in a plane, of surfaces in 
space, and of lines in space and related them to the number of intersections per unit length 
of test line, P L , and the number of interactions per unit area of test plane, P A . If 
intersections are counted for each different orientation of the probe line or plane, then the 
"structure anisotropy", i.e. the distribution of the curves or surfaces can be determined. 
Hilliard's method was further formulated into Cartesian tensor by Kanatani (1984a & b, 
1985). Kanatani described distribution densities of directional data in terms of what he 
called fabric tensors. He first generalized Hilliard's method for different types of problems 
into a single mathematical framework called the Buffon transform, Then, he derived its 
inverse transform in term of Cartesian tensor equations which made it possible to determine 
the fabric tensors directly from the data of intersection counting. 
Based on the analysis of Kanatani, stereological based fabric tensors such as 
surface area tensors (S 1 ) or mean free path tensor (X.) could be determined experimentally 
from microscopic observations. Muhunthan (1991) and Muhunthan and Chameau (1992b) 
have also outlined an experimental technique for determining the components of a void 
tensor from microscopic observations which makes use of classical stereology principles 
and the analysis by Kanatani (1984a & b, 1985). However, Muhunthan's scheme has 
shown to introduce bias into the results of analysis. A revised methodology (Kuo and 
Frost, 1993) was then proposed to minimize bias in determine the porosity and porosity 
tensor (Nki ). 
This paper reviews the analysis of Kanatani and discusses the definitions and 
measurement techniques of stereological based fabric tensors such as surface area tensors 
( S,), mean free path tensor ( 7+,, j ) and porosity tensor (N ib ). 
The measurement techniques presented in this paper to determine fabric tensors of 
granular materials are very efficient when they are implemented using an automated image 
analysis system. Implementations of these technique using image analysis are presented in 
a companion paper. 
Stereological Approach to EvaluatingAnfisotropy  
Before introducing the Hilliard's and Kanatani's analysis for the quantitative 
description of anisotropic structures, it is necessary to clearly understand the concept of 
angular orientation of lines and surfaces in three dimensional space. 
Angular Orientation of Lines 
Consider a line of any arbitrary geometry, the angular orientation of this line is 
different at different positions. Focusing on a small segment dl of this line, the 
orientation of this segment is specified by its tangent vector 1 and is completely defined 
by the angles 8 and 4) with respect to the XYZ frame of reference (see Figure 5). The 
different segments of this line have different (OA)) values associated with them, and 
hence have different orientations. 
Angular Orientation  si Integral Bomstazyladacal r Interfaces)  
Consider microstructure containing a and fl phases, the boundaries between a 
and 0 regions are thus a13 internal surfaces (or interfaces). Focusing on a small 
element OS of a0 interface, the angular orientation of SS is equal to the angular 
orientation of the normal vector N to this surface element and is specified by the angles 
0 and 4) with respect to the XYZ frame of reference (see Figure 6). 
Orienta ■ on Distribution Function  
Suppose the angular orientation of each small element SS of all ari interfaces 
in a specimen is measured. Let dN(0,0) be the number of surface elements 
having orientations in the range 4) to 4)  + d4) and 0 to 0 + de. The total area of these 
elements ds(4),0) is equal to dN(4),0)• SS. Let S o be the sum of area of all a 13 
interfaces in the specimen. An orientation distribution function, is defined such that 
f(4),0) reports the fraction of ar• interface area in the orientation range 4) to (4) + d4)) 
and 0 to (0 + d0). In other word, f(4),0) = dN(4),0) • 8S/S 0 
Anisotropy and stereology  
The orientation of a(3 interface elements are said to be random if the orientation 
distribution function f(0,0) is constant. When the orientation distribution function f(4),0) 
is constant , the structure is considered statistically isotropic. 
However, anisotropy usually exists for most materials. Thus, one major challenge 
facing stereologists is how to estimate stereological properties in an unbiased and efficient 
manner since isotropic, uniformly random (IUR) planes are difficult to achieve in practice. 
The development of vertical sections for surface area (SO estimation ( Baddeley et al., 
1986) and vertical slices from projected images for length (L v ) estimation (Gokhale, 1990 
& 1992) are among the important developments for estimating stereological properties for 
anisotropic structures. 
Another challenge resulting from the anisotropic nature of materials is how to 
quantify the anisotropy. As noted earlier, Hilliard (1962, 1967) has provided a 
mathematical framework for the quantitative description of anisotropic structures. 
Billiard's analysis for orientation distribution of surfaces in space is summarized as follows 
: (after Underwood 1970) 
The total area of a system of surfaces per unit volume is defined as 
Dm/2fS, = 	S,(Nt, co) sin vdvdo) 	 (2) 
00 
where the angles v and w refer to normals to the boundary elements. S,(v,co)is the 
orientation distribution of the system of surfaces in spaces. 
The analysis of orientation distribution of the system of surfaces uses a test array of 
parallel straight lines whose orientation is referred to the same axes as for the system of 
surfaces. Referring to Figure 7, and focusing on one surface element SS of ocr3 interface, 
if one considers a test array of (say M) test lines all parallel to the Z axis and of length L. 
The probability of intersection of a test line with the surface element SS is SS prolL2 , 
where SSproi is the projected area of SS on the XY plane and SS proj = 'cos yl • SS, where y is 
the angle between line segments and the normals to areal elements. The number of 
intersections of test lines with the surface element SS is thus SS • !cosy' • M / L 2 . The 
number of intersections per unit test line length of test lines with all the surface elements 
having orientations in the range v to V i- di and co to co + dco is SS(v, o) • / L 3 
 which is S,„(v,co) • Icosyl. So, at a specified angular position, 
2xx/2 
	
PL (OM = fsvor,coicosyisin vdwdo) 	(3) 
0 0 
where 13 1,(0,43) is the expected number of intersections per unit length of the test lines. 
Buffon Transform and Fabric Tensors 
Billiard's (1962, 1967) analysis of the orientation distribution of lines in a plane, 
surfaces in space, and lineS in space were generalized into a single mathematical framework 
called the Buffon transform by 1Canatani ( 1984a & b, 1985) as : 
N(m) = f Int ni f(n) dn 	 (4) 
Where f(n) is the distribution density with unit normal n, and N(m) is the expected 
number of intersections of directional m. Note that eqn. 3 for the case of distributed 
surfaces in space is equivalent to eqn. 4. In particular, Im • ni is equivalent to Icosil. For 
the case of distributed surfaces in the space, f(n) is the distribution density of surface 
density with unit normal n, i.e. f(n) dn is the " total area " of those surface elements whole 
normal vector is lying in the differential solid angle dn per unit volume. Obviously, f(n)= 
f(-n) and f (n)dn is the total area of the surfaces per unit volume. If a line of direction m 
( a unit vector) is randomly placed in space, then N(m) will be the expected number of 
intersections with the surface per unit length. 
Kanatani (1984a & b, 1985) expanded the distribution density into a polynomial in 
n in such a way that each term is orthogonal to the rest. In other words, it is a Cartesian 
tensor expression of the spherical harmonics expansion in the 3-dimensional case and the 
Fourier series expansion in the 2-dimensional case. He called the coefficient tensors fabric 
tensors. A symmetric distribution density f(n) is expressed in-the form 
f(n)= 
4.7c 
+D 	+D. ni n•nkA 
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= -c- 	f(n)dn 
It was also shown that 
I iniL ni -AIL& 2: Irk 
a. = 
(-1) 2 2°- '(n -1)(n + 2)  
r n 
n/2,1 
For example, a t) =1, a 2 = 4, a4 = -24, a6 = 64 etc.... 
Hence, the Buffon transform of equation (5) is 
N(m) = LC-11 + 1D, mim - 
1 
—.D .0111;111"ml 	 (11) 
4E 	4 	I 24. 
Conversely, if N(m) is given in the form 
C r 
N(m) 47t L1+ 	+ 	 +....1 
then, its inverse Buffon transform is given by 
27c r. 







Suppose high order fluctuations of the distribution density f(n) can be neglected, and f(n) 
is described by 
C 
f(n)= 
and the observed data by 
C 
N(m)=-47c Ll-FD irrhm 
Comparing eqn. 13 and eqn. 14, one gets 
C =C/ 27c, Vi =4Dij 	 (16) 
Consider a sample cut with a plane whose unit normal is I. Drawn on the cross 
section are lines of different orientation (h) orthogonal to I. Consider the following 
quantities: 
M(I) = SN(m)dm 	 (17) 
co) 
Nun = f rivnimodm 
	
(18) 
where C(I) is a unit circle encircling I perpendicularly, ds the line integral along C(I) 
(Figure 8) normalized to 27c. These quantities represent the zero moment and second 
skew symmetric moment respectively of the quantity N(m) in the plane I, with respect to 
the pole p. 
If the experimental observations are based on three perpendicular planes with basis 
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where 
2 C =— [ M(ei )-Iivi(e2 ) -I-M(e 3 )] 
3 
(21) 
From equation (19) , an expression for D. can be obtained as: 
4M(e; ) Dri = 
From equation (20) , an expression for D 11 can be obtained as: 
8K(e k ) 
DIi  = 
C 
In the 2-dimensional case, a symmetric distribution f(n) is expressed in the form 
f(n) = —[1+ Dijninj + D ij nInJn kn 27c 
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Conversely, if N(m) is given in the form 
C r N(m) = 2/c + 	+ 
then its inverse Buffon transform is given by 
C / 4 r f(n) = 27t 
	
+ 3D ij n inj — 15Dijuninjnkni +...] 
Stereological Based Fabric Tensors Their Definitions and Determinations 
Kanatanits analysis offers a unified tensorial formulation for fabric parameters. 
Based on the analysis of Kanatani, stereological based fabric tensors such as surface area 
tensors ( S„), mean free path tensor (X ), or porosity tensor (Nib) could be determined 
experimentally from microscopic observations. The definitions of those stereological based 
fabric tensors and the experimental techniques for determining surface area tensors ( S ), 
mean free path tensor ( X„) and porosity tensor (Nib) are discussed as follows: 
Surface Area Tensor:  
As shown, the orientation distribution function S,(0,0) which is defined as the 
fraction of surface area per unit volume which has a unit normal vector in the range 
4) to (0 + d4)) and 8 to (0 + dO) can be used as a quantitative descriptor of anisotropy. The 
total surface area density, S,,, is given by simply integrating this function over a unit 
sphere. 





S, = IS,(n)dn 	 (29) 
(26) 
(27) 
and S, is called the surface area tensor. 
Based on Kanatani's (1984a & b, 1985) analysis, S v and S 4 can be obtained by 






 —11+ Di m m 
t 
(30) 
From equation (16), 	S„ = CA R and 	4D 13 	 (31) 
The experimental procedures to obtain S v and S4 can be summarized as : 
Step 1: Fix a Cartesian coordinate system in the soil specimen. Prepare thin sections of the 
soil specimen parallel to the three different iij-planes. 
Step 2: A grid of parallel test lines is laid over a cross section in a given direction O m (see, 
for example, Figure 9), and the number of intercepts per unit length P L (O m ) is 
measured. Measurement are repeated for test lines oriented in several directions 
O m =m TUN, m=0,1,2,...,N-1 . 
Step 3: Compute M(ek) and Mij(ek) from: 
N-1 
 M(ek ) = 21t1, 	 
N 
N-1 PL(e rn )4 Sin(
ban  
) 
M ij (e k )= rcE 
m.0 
Where i,j,k is a permutation of 1,2,3 and ij refer to the plane of observation. 
Step 4: Repeat steps 2 and 3 for the three orthogonal planes. Calculate the coefficient C 
using equation (21) and calculate the components of D ij using equations (22) and 
(23). Obtain Sv and S4 from 	= 95 7c and Sii = 4Dii. 
(32) 
(33) 
Mean Free Path Tensor:  
Mean free path, A, between particles is a spatial parameter of great importance in a 
particulate system. Mean free path, A, is essentially a mean edge-to-edge distance. It 
represents the uninterrupted interparticle distance through the matrix averaged between all 
possible pairs of particles and given the true three-dimensional distance between particles. 
The directional variation of lineal measure mean free path A(4:0,0) also gives a quantitative 
description of anisotropy. 
The orientation distribution A(n) is described by the "mean free path" A and the 
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The experimental procedures to obtain A and A l  can be summarized as : 
Step 1: Fix a Cartesian coordinate system in the soil specimen. Prepare thin sections of the 
soil specimen parallel to the three different ij-planes. 
Step 2: A grid of parallel test lines is laid over a cross section in a given direction O m , and 
the mean free path X(8.) is measured. Measurement are repeated for test lines 
oriented in several directions #3.=m 7c/N, m=0,1,2,...,N-1 . 
Step 3: Compute M(ekj and Mij(ek) from: 
N-1 
 M(ek )= 21r 
A(ern
1 	 
m =0 N 
N-1 2 (0m ) 1 . Sin( 
27tm 
 ) N  M (e k )=7rI
N 





Step 4: Repeat steps 2 and 3 for the three orthogonal planes. Calculate the coefficient C 
using equation (21) and calculate the components of X  using equations (22) and 
(23). Obtain X from X = Tic . 
Porosity Tensor:  
An idealized Representative Element Volume (REV), specified by spherical 
coordinates 4) and 0, with shaded voids is shown in Figure 10. The orientation 
distribution function N(4),0) is defined as the porosity, the ratio of void volume to the 
total volume, of the volume element in the orientation range (I) to (4) + d4)) and 
0 to (0 + d0). This function is described by the porosity of the specimen no and porosity 
tensor Nij as 
N(n)= n o [l+Niin ind 	 (37) 
Muhunthan (1991) considered the lineal fraction of void 1 p (0,0) as an estimator of 
volume fraction of void (porosity), ;N(4),0), and used test lines with different orientations 
that passed through the same center point (see Fig.11), in an attempt to account for the 
anisotropic distribution of void phases. However, this procedure introduces bias in the 
estimation of porosity ( Kuo and Frost, 1993). As a limiting condition, consider the two 
synthetic cases shown in Figure 12. Both cases will have the same estimated porosity 
of 0.5 using Muhunthan's method. However, their actual porosities are 0.25 and 0.75, 
respectively. This bias is further illustrated in the two identical photos of elastic rods 
shown in Figure 13. The left-hand photo shows the measurement center point located in a 
grain while the other has the center point located in a void just to the right of this grain. The 
measurements show a significant difference in the estimated porosity and fabric tensor. For 
example, the difference in estimated porosity for these two cases is about 20% (0.168 
versus 0.201). A revised method was proposed by considering the concept of 
representative element circle, REC, as shown schematically in Figure 14. In this revised 
scheme, the measurement of lineal fraction of void 1 p (O m ) is made on segments of the 
lines which are fully located within the region between two RECs as shown in Figure 15. 
The experimental procedures to obtain n o and N1 based on the revised method are 
summarized as follows: 
Step 1 : Fix a Cartesian coordinate system in the soil specimen. Prepare thin sections of 
the soil specimen parallel to the three different ij-planes. 
Step 2 : For each cross section, measure the porosity for different size of measurement 
fields and determine the regions of stable RECs . 
Step 3 : Select radii of inner REC(ri ) and outer REC(r2). 
Step 4 : Draw test line within the region between the two RECs in a given direction e m , 
measure the fraction 1 p (O m ) occupied by voids. Measurement are repeated for test 
lines oriented in several directions O m =m rc/N, m=0,1,2,...,N-1 . 
Step 5: Compute M(ek) and Mij(ek) from: 
N-1 




N _ I I (O m ) ; Sin( 27cm ) 
N  Nye k )=rcl, P 
where i, j, k is a permutation of 1,2,3 and ij refer to the plane of observation. 
Step 6: Repeat steps 2 through 5 for the three orthogonal planes. Calculate the coefficient C 
using equation (21) and calculate the components of N 1 using equations (22) and 
(23). Obtain n o from n o = —47rC 
(38) 
(39) 
Simplified Procedure for Two DimensiongLQ12seryaiona 
If only a single plane section is available, the formulations and measurements for 
two dimensional tensors: length tensor (L 1 ), mean free path tensor ( X ij ), and area 
fraction tensor ( Ad are also available. In 2-D, an orientation distribution function f(0) 
reduces to a simple Fourier series in 0 with period 27c as ( Kanatani, 1984a & b; 
Muhunthan, 1991): 
C [ 















where ' denotes summation with respect to even indices. This distribution can also be 
represented in Cartesian tensors ( Kanatani, 1984a), and keeping terms up to a second 
rank tensor 1:17,j being written explicitly as : 
04 = 
[A2  B2 
B – A, 
(43) 
As reviewed previously, the orientation distribution of lines in a plane L A (0), is 
related to the orientation distribution of number of intersections per unit length of test line, 
(0)- 










(1+30ijnInj ) = LA (1 + L u ninj ) 27c 
Similarly, structural anisotropy can be quantified in 2-D by observing the 
orientation distribution of mean free path X(0), or length fraction of pore 1 (0) as 
described previously for 3-D. Now, Let 
X(m) = —(1+ Xii mi mj ). X(1+ X umi mi ) 
2/c 
and 1 (m) = —
c
(1+ AijmimJ). AA(1+ A ijmmj ) 2it 
Substituting f(0) with P L (0), or X(0), or 1 p (0), results in the simplified expressions for 
two dimensional observations for experimental techniques introduced above. For 0 m =rn 
7t/N, m=0,1,2,...,N-1, A n , Bn and C can be computed as: 
N-1 





[A 	f`k; 	rcos(nnm / N)1 iv forn)  
B 2 Li f(e m )Lsin(nran / N) n ..0 
For a second order tensor, n=2, resulting in the calculation of A2 and B2 . 
The corresponding mean fabric descriptor (L A , or X, or A A ) and fabric tensor can 







Anisotropy of granular materials is quantified by using fabric tensors which 
characterize the distribution of directional data. It is shown that the stereological 
approach, Kanatani's analysis, offers a unified tensorial formulation for fabric tensors 
in which the structure of granular materials can be modeled via two measures : a scalar 
measure giving the mean value of a fabric descriptor and a tensor giving its directional 
distribution in space. Specifically, the directional distributions of surface area density, 
mean free path, and porosity were modeled by their mean value and associated tensor. 
The measurement techniques to determine such mean fabric descriptors and their 
associated tensor are presented. These measurement techniques could be implemented 
using digital image analysis (as discussed in companion paper) which make the 
determinations of mean fabric descriptor and its associated tensor very efficient. The 
mean values of surface area density, mean free path, or porosity play a key role in most 
current granular media models. Hence, their associated fabric tensors are useful to 
extend these models. The introduction of a fabric tensor in a continuum model will 
permit the discrete nature of granular materials to be accounted for in a continuum 
sense. 
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Figure 3 Fabric measures associated with solid particles (Konishi and Naruse, 1988) 
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Figure 1.2 Synthetic cases showing potential error in estimated porosity using 
Muhunthan's method 
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STEREOLOGY BASED FABRIC TENSORS - PART H : 
IMAGE ANALYSIS IMPLEMENTATION 
Chun-Yi Kuol, J. David Frostl , and Jean-Lou A. Chameau2 
Abstract  
On the basis of Kanatani's analysis, stereological based fabric tensors such as a 
surface area tensor (S 1 ) or a mean free path tensor ( A., i ) or a porosity tensor (N1) could be 
determined experimentally from microscopic observations. The definitions and 
measurement techniques for these stereological based fabric tensors were discussed in the 
companion paper to this.. It was shown that the structure of granular materials can be 
modeled via two measures : a scalar measure giving the mean value of a fabric descriptor 
and a tensor giving its directional distribution in space. This paper describes how 
measurement techniques can be implemented using an automated image analysis system. 
Computer algorithms were developed that permit the determination of mean fabric 
descriptors and their associated tensors possible using image analysis techniques. The 
implementation of these techniques are illustrated using example images. Both two-
dimensional and three-dimensional cases are presented. The effect of test grid interline 
spacing and orientation increment on the resulting mean fabric descriptors and their 
associated tensor are examined. Two tremendously different images were used for this 
parametric study, the results support that the current settings of line spacing and orientation 
increment are adequate. Besides that, the generality, practical implications and limitations 
of these techniques are discussed. 
1 Postdoctoral Fellow and Associate Professor, respectively, School of Civil & Environmental 
Engineering, The Georgia Institute of Technology, Atlanta, Georgia 30332, USA. 
2 President, Golder Associates, 3730 Chamblee-Tucker Road, Atlanta, Georgia 30341, USA. 
Introduction 
Fabric tensors which characterize the distribution of directional data from 
microscopic observations are considered to be good quantitative measures of the structural 
anisotropy of granular materials. The introduction of fabric tensors in continuum models 
(e.g., Tobita, 1989; Muhunthan, 1991; Oda and Ohnishi, 1992) permits the underlying 
micromechanical features of granular materials to be accounted for in a continuum sense. 
As shown in the companion paper (Kuo, Frost, and Chameau, 1995), the stereological 
approach offers a unified tensorial formulation for fabric tensors in which the structure of 
granular materials can be modeled via two measures : a scalar measure giving the mean 
value of a fabric descriptor and a tensor giving its directional distribution in space. 
Specifically, the directional distributions of surface area density, mean free path, and 
porosity were modeled by their mean value and associated tensor. The measurement 
techniques to determine such mean fabric descriptors and their associated tensor were 
presented. Based on observations on three mutually perpendicular planes, mean value and 
associated tensor of directional distribution could be obtained from the zero moment M(I) 
and second skew symmetric moment Mij(I) respectively of the observed quantity. In this 
paper, these measurement techniques are implemented using digital image analysis which 
make the determinations of mean fabric descriptor and its associated tensor very efficient. 
The mean values of surface area density, mean free path, or porosity play a key role in 
most current granular media models. Hence, their associated fabric tensors are useful to 
extend these models. 
Image Analysis Implementations  
As shown the companion paper (Kuo, Frost, and Chameau, 1995), the 
measurement techniques for determining surface area tensor (S ), mean free path tensor 
(kJ ), and porosity tensor (NO are very similar to one another and can be readily 
implemented by using an image analysis system. The use of image analysis allows an 
efficient means of determining fabric tensors. 
The work reported herein was performed using a Cambridge Instruments Quantimet 
Q570 Image analysis system although any system of similar capabilities could be used to 
program the algorithms described herein. Unlike many other image analysis systems 
which contain preset functions but do not allow for user customization of these features, 
the Quantimet Q570 allows users to develop new applications by accessing a range of 
powerful processing commands using simple, intuitive menus . It also permits the user to 
assemble image analysis routines with the Quantimet Q570's built-in Basic-like Macro-
language-QBasic. This feature was used extensively in this study. 
There are two types of measurement on binary images: Field Measurements - one 
total value per parameter for each field; and Feature Measurements - one individual value 
per parameter for each isolated object (bature) in the field. Basic parameters such as 
area, perimeter, horizontal intercept number, vertical intersect number and number of 
features are measured which allows complete quantitative description of the image. 
The general procedure for their implementation in an image analyzer is summarized 
in Figure 1. The "Image pre-processing" stage is to enhance the image to be analyzed and 
is case specific depending on the specimen illumination and capture conditions and is not 
discussed further herein. Starting with a good binary image (Figure 2), the procedure for 
image analysis implementation is explained as follows: 
Surface Area Tensor :  
As shown in the companion paper, based on Kanatani's (1984a & b, 1985) analysis, 
the total surface area density, S v , and surface area tensor, S u , can be obtained by observing 
P L (m), the number of intersections with the surface per unit length of test line at direction m. 
For P L (m)=—[1+ D u m,mj ] 
Oct7 (1) 
It has been shown 
	
S,, = C/2.7t and S = 4D 1 	 (2) 
The test probe for determining surface area tensor (S ii ) is a grid of parallel test lines 
in a given direction 0. (see Figure 3). To determine surface area tensor (S, ), the number 
of intercepts per unit length in a given direction O. ,P L (0.), is to be measured. To 
identify the intercepts of test lines and soil particles, the image processing operation 
"outline" and logical operation "C=A and B" were used. Figure 4 shows the outline of the 
example image (Figure 2). Figure 5 shows the intercepts of test lines and soil particles of 
the example image for one given direction. The intercept count P(0.) of Figure 5 can be 
obtained from "feature number" by applying the "feature measurement" to Figure 5. The 
length of test lines is obtained from the coordinates of the two end pixels of each test line. 
For a test line with two end pixels (iv y () ) and (x i , y„), the length of this test line in pixels 
is calculated as : 
L = ((x, —x 0 ) 2 +(y, — y0)2)05 4_ 1 
	
(3) 
The number of intercepts per unit length P L (9 m ) is simply the ratio of the intercept count 
P(0.) to the total length of all parallel test lines on a given direction, TL(0.). When the 
desired quantity P L (6 m ) is available, it is a simple task to compute M(ek) and Mij(ek) 
from the corresponding equations as shown in the companion paper. Similarly, the mean 
descriptor and fabric tensor (S v and S 1j ) can be calculated from appropriate equations . 
Mean Free Path Tensor.  
Mean free path, X, between particles is a spatial parameter of great importance in a 
particulate system. Mean free path, X, is essentially a mean edge-to-edge distance. It 
represents the uninterrupted interparticle distance through the matrix averaged between all 
possible pairs of particles and given the true three-dimensional distance between particles. 
The directional variation of lineal measure mean free path X(0,0) also gives a quantitative 
description of anisotropy. 
The orientation distribution 21/4.(n) is described by the "mean free path" X and the 
mean free path tensor, 
Let 
r X(n) = i C c [1+ 	= X11 + X ij n i nj i (4) 
The test probe for determining mean free path tensor ( X, J ) is a grid of parallel test 
lines in a given direction O. also (see Figure 3). To determine the mean free path tensor 
(X i), the free paths between particles (Figure 6) can be obtained by simply applying the 
logical operation "C=A and B" to the test grid and the inverse of the example image. To 
calculate the mean free path at a given direction X(0.), the number and the total length of 
free paths are needed. The number of free paths is obtained from "feature number" by 
applying "feature measurement" to Figure 6. The total length of free paths is obtained 
from the "pixel number (area)" by applying "field measurement" to Figure 6. Since the 
width of all test lines (free paths) is 1 pixel, the number of total pixels of free paths is the 
total length of free paths if all lines are "straight". However, except for horizontal and 
vertical directions, lines have a saw-tooth appearance in a digitized image (see Figure 3). 
For a given direction (O.), there will be a factor k(0.). 1 which is the ratio of pixels 
number to the true length of lines fora given direction (0.) on a digital image. By applying 
"field measurement" to the test grid (Figure 3), the total number of pixels of test lines 
can be measured. The true length of lines is obtained by using equation 3 as 
described previously for TL( O m ). By knowing the factor k( O m ), the total length of free 
paths is then simply equal to the total pixel numbers /k( O m ). When the desired quantity 
X(0.) is available, it is a simple task to compute M(ek) and Mij(ek) from corresponding 
equations. Similarly, the mean free path, and mean free path tensor, X ij , can be 
calculated from corresponding equations . 
Porosity Tensor :  
The orientation distribution function N(4),0) is defined as the porosity, the ratio of 
void volume to the total volume, of the volume element in the orientation range 
4) to (4) + d4)) and 0 to (0 + de). This function is described by the porosity of the specimen 
no and the porosity tensor, Nib , as 
N(n) = n o [1+ 	 (5) 
The test probe for determining the porosity tensor (N1) is a test line within the 
region between two REC's in a given direction 0.. Before the test line can be drawn, the 
regions of representative element circles (RECs) needs to be determined. A Q-Basic 
program was written to measure the porosities of a image with different sizes of square 
measure frame. For the image of Figure 2, the measured porosities with different size of 
measure frame are shown in Figure 7. It is shown that the measured porosities become 
stable after the width of measure frame is larger than about 50 pixels. Based on this 
information, the radius of inner REC(r i ) and outer REC(r2) could be selected as 40 pixels 
and 230 pixels (see Figure 8, r 1 — 
-slf 
wl and r 2 S 0.5 w 2 ). Note that this value is related 
2 
to the size of the particles in the image and thus should be computed for each experimental 
configuration. This issue is discussed further later in this paper. The test line within the 
region between the two RECs in a given direction 0 m  is shown as Figure 9. 
To determine the porosity tensor (NO, the portions of test line occupied by voids 
1 p (0.) (Figure 10) can easily be obtained by applying a logical operator to the test probe 
and the inversion of the example image. The fraction of the test line occupied by voids 
1 p (0.) can be determined by the ratio of number of pixels measured when "Field 
Measurement" is applied to the test line (Figure 9) and the portions of the test line occupied 
by voids (Figure 10). When the desired quantity 1 p (0.) is available, it is a simple task to 
compute M(ek) and Mii(ek) from the corresponding equations. Similarly, the mean 
descriptor and fabric tensor, n o and 	can be calculated from corresponding equations . 
Similarly, if only a single plane section is available, the implementation of 
measurement techniques for two dimensional tensors: length tensor (L 1 ), mean free path 
tensor (X i), and area fraction tensor ( A id can also be programmed using the Q 570 built-
in Basic-like Macro-language-QBasic. 
Illustration of the Techniques  
Two examples are considered to illustrate the application of the above procedures. 
One shows the typical application to two dimensional tensors. The other illustrates the 
application to three dimensional tensors. 
Applications to Two Dimensional Tensors 
For the binary image shown in Figure 2, the resulting mean fabric descriptors and 
fabric tensors using the measurement techniques described above are 
F-0.0092 — 0.00751 
L-0.0075 	0.0092 
(6) L A = 0.067 / pixel, 
0.0032 	0.0054 
[-0.0054 0.0032 
and 	 k = 23.905 pixel, 	A. 0 = (7) 
and 	 AA= 0.478, 
[0.0316 	0.0440 
L0.0440 — 0.0316] 
(8) 
The results of "field measurement" of the binary image ( Figure 2) are shown in 
Table 1. From Table 1, the area fraction of solids is 0.511 which implies that the area 
fraction of voids is 0.489. It is evident that the proposed measurement technique gives a 
very good approximation of the area fraction of void which is 0.478 measured using the 
stereology based method versus the value of 0.489 obtained directly from the field 
measurement. Similarly, the total length per unit area, LA , can be obtained from results of 
field measurement as perimeter/ frame area which is 0.065/pixel. The proposed 
stereological measurement technique estimates the value of L A as 0.067/ pixel which is 
very close to 0.065/pixel from the field measurement. The results of "field measurement" 
offer an independent check to the proposed measurement techniques. The close agreement 
between the results of proposed measurement techniques and of "field measurement" 
confirms the correctness of the measurement techniques and their implementation. 
Applications to Three Dimensional Tensors 
For example images of three orthogonal planes, the surface area density and surface 
area tensor are obtained as: 
[ 0.0320 — 0.0819 0.0193 
S, = 0.076 / pixel 	Su = —0.0819 	0.1958 0.0120 	(9) 
	
0.0193 0.0120 — 0.2278 
The mean free path and mean free path tensor are obtained as: 
X = 23.44 pixels 
—0,2429 0.0061 — 0.0010 
0.0061 0.1036 — 0.0048 	(10) 
—0.0010 — 0.0048 0.1393 
  
The porosity and porosity tensor can be obtained from Q570 as previously 
described by varying the size of measure frame, and the inner and outer radii were chosen 
as r 1 = 40 pixels and r2 = 230 pixels respectively. The results show that 











Theoretically, there are interrelationships between surface area density S v , mean free path 
X, and porosity n o . It can be shown that 
. n r, = • - 
S„, 
(12) 
For n o = 0.434 (Eq. 11) and S v = 0.076/pixels (Eq. 9), the calculated mean free 
path (from N. 12) is 22.75 pixels. This value is reasonably close to 23.44 pixels obtained 
with the programmed program (Eq. 10). 
Discussion 
Parametric  Study  
For the illustrations described above, the test grid (Figure 3) had interline spacing 
of 10 pixels and was rotated for every 10 degrees of orientation. It is interesting to know 
the sensitivity of the proposed methods to different line spacing and orientation 
increments. Figure 11 shows the resulting mean free path and second invariant of 
the mean free path tensor, J1, for the example image (Figure 2) with different line spacing 
for the test grid oriented at every 10 degrees. Figure 1 la shows the mean free path 
obtained is insensitive to the line spacing in the test grid as it rotates at every 10 degrees 
(values range from 23.04 pixels to 24.46 pixels). Even with only a single test line at 
the center ( line spacing > 240 pixels), the estimated mean free path is not significantly 
different from the others. It is considered that since the test grid is rotated every 10 
degrees, even a single test line gives a reasonable coverage of the image and yields a 
reasonable estimation of the mean free path. However, the estimation of mean free path is 
more consistent with the line spacing between 5 and 20 pixels which yields values in the 
range of 23.86 pixels to 23.91 pixels. Figure 1 lb shows the second invariant of the mean 
free path tensor, Jf, obtained ranges from 2.2 x10 -5 to 1.4 x10 -2 and indicates that the 
anisotropy of the example image is very weak. Again, the estimation of Jf is more 
consistent with the line spacing between 5 and 20 pixels which yields values ranging from 
2.2 x10-5 to 9.8 x10-5 . 
Figure 12 shows the effect of orientation increment for the resulting mean free path 
and the second invariant of the mean free path tensor, Jf, for the cases of a single test line 
(spacing > 240 pixels) and a test grid with line spacing of 10 pixels. The results show that 
for the case of a single test line, the increment of orientation should be equal to or smaller 
than 10 degrees to get reasonable estimations of mean free path and the second invariant of 
the mean free path tensor, Jf. For the case of 10 pixels spacing test grid, the increment of 
orientation should be equal to or smaller than 20 degrees to get reasonable estimations. 
A similar analysis was also applied to an anisotropic synthetic image (Figure 13). 
The effects of line spacing and increment of orientation on the resulting mean free path and 
the second invariant of the mean free path tensor, Jf, are shown in Figures 14 and 15, 
respectively. The results support that the current settings of 10 pixels spacing and 10 
degree orientation increment are adequate for two tremendously different images (Figure 2 
& Figure 13). It is believed that this setting will be adequate for most soil images in 
practice, although this factor should be routinely verified. 
The effect of the increment of orientation on the measured area fraction and area 
fraction tensor (or porosity and porosity tensor for 3D) was examined also. Current setting 
uses a 5 degree increment for the orientation. Figure 16 shows the effect of orientation 
increment to the resulting area fraction and the second invariant of area fraction tensor for 
the example image shown in Figure 2. It shows that the increment of orientation should be 
less than or equal to 10 degrees to obtain a reasonable estimate of area fraction and 
associated fabric tensor. A similar analysis was also applied to the anisotropic synthetic 
image of Figure 13. The results (Figure 17) indicate that when the orientation increment is 
less than or equal to 5 degrees, the estimation of area fraction and the second invariant of 
area fraction tensor become stable. 
The above analyses show that the current settings for the line spacing and 
orientation increment are adequate. However, the appropriate setting of line spacing and 
orientation increment is case dependent. Since the determinations of mean fabric descriptor 
and its associated tensor can be efficiently performed with an image analysis system (less 
than 3 minutes for current setting), it is worth performing a few trials for set-up purpose 
before the extensive usage of certain type of images. 
Generality of Methodology  
The formulations of fabric tensors introduced in the papers are based on the 
principle of stereology. The attraction of these proposed stereology based fabric tensors 
is that there are no assumptions on the shape or size of particles/ voids. Thus, the methods 
developed here can generally be applied to any materials of interest. Even though the 
illustrations of the methods are made on sandy materials, the methods can be applied to 
clayey soils . They can be applied to study cracks in rock also. The generality of these 
proposed methods make them superior than previous fabric formulations that use 
distribution of contact normal or particle orientation, because the proposed methods provide 
unified treatment for quantifying the anisotropy of materials. 
Practical Implications and Limitations  
In general, in order to formulate the fabric tensor in three dimensions, three 
orthogonal planes are needed. However, if axial symmetry is assumed, only one 
horizontal and one vertical plane are required. It is found that the axial symmetry 
characteristic is common in artificially deposited sands. However, this characteristic 
disappears in many undisturbed natural sands. This is probably because water (or air) flow 
at the time of sedimentation may have an effect on the particle orientation. 
In obtaining the surface area density and surface area tensor or mean free path and 
mean free path tensor from three orthogonal planes, it is crucial to know the magnification 
and keep the same magnification for each plane observed. For porosity and porosity 
tensor, since the quantities examined are dimensionless, the magnification can be 
unknown. The magnifications of the three planes observed can also be slightly different. 
Of course, keeping the same magnification is preferable. 
The information on distribution of porosity versus frame width provides 
guidelines for selecting a suitable sample size for analyzing porosity and porosity tensors. 
It is desired that the radius of inner REC(ri ) is smaller than 1/3 of the radius of outer 
REC(r2) such that over 90% of the area inside the outer REC is analyzed. For the 
maximum image size of many analyzers (512 pixels x 480 pixels), it is desirable to have 
the radius of the outer REC(r2) as large as possible ( 230 or 240 pixels). Thus, the radius 
of inner REC(r i ) should be kept smaller than 80 pixels if possible. So, if the distribution 
of porosity does not stabilize at frame widths of up to 110 pixels, it indicates that the 
sample size may be too small. Decrease the magnification and observe larger sample sizes 
will allow the porosity distribution be stable within a frame width of 110 pixels. Figure 18 
shows an image of insufficient sample size that is not suitable for analysis of porosity and 
porosity tensor at the current magnification. 
Surface area density S y , mean free path X, and porosity n o are important structural 
parameters in practice. The behavior of soils are closely related to these parameters. For 
example, by knowing surface area and porosity, permeability can be estimated through 
Kozeny - Carman relation. Blair et. al. (1993) have utilized the Kozeny - Carman relation 
to estimate the permeability of porous materials where porosity and specific surface area are 
provided from image analysis measurements. 
As discussed before, there are interrelationships between surface area density S y„ 
mean free path X, and porosity n o , so only two independent parameters exist among these 
three parameters. Similarly, they will be some interrelationships between surface area 
tensor, mean free path tensor and porosity tensor. But among these three tensors, any two 
among them are expected to be independent. To fully quantify the anisotropy of the 
material, at least two such fabric tensors may be needed. 
Conclusion  
A stereological approach was used to determine fabric tensors of granular materials. 
The stereological approach, Kanatani's analysis, offers a unified tensorial formulation for 
fabric tensors. Based on Kanatani's analysis, fabric tensor formulations in three 
dimensions can be obtained with observations on three mutually perpendicular planes. 
On the basis of Kanatani's analysis, stereological based fabric tensors such as a 
surface area tensors (S 4 ) or a mean free path tensor (X 4 ) and a porosity tensor (NO could 
be determined experimentally from microscopic observations. It was shown that the 
structure of granular materials can be modeled via two measures : a scalar measure giving 
the mean value of a fabric descriptor and a tensor giving its directional distribution in space. 
Those measurement techniques were implemented using an automated image analysis 
system. Computer algorithms were developed to permit the determinations of mean fabric 
descriptors and their associated tensors efficiently using image analysis techniques. 
Furthermore, the attraction of these proposed stereology based fabric tensors is that there 
are no assumptions on the shape or size of particles/ voids. Thus, the methods described 
here can generally apply to any materials of interest. 
The effect of test grid interline spacing and orientation increment on the resulting 
mean fabric descriptors and their associated tensor was examined. Two tremendously 
different images were used for this parametric study. The results support that the current 
settings of line spacing and orientation increment are adequate. However, the appropriate 
setting of line spacing and orientation increment is case dependent. Since the 
determinations of mean fabric descriptor and its associated tensor are very efficient when 
performed with an image analyzer, it is recommended that a few trials be performed for set-
up purpose before the extensive usage of certain type of images. 
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Introduction 
Significant advances have been made in improving the understanding of the stress-strain 
behavior of saturated cohesionless soils. Numerous methods of testing and equipment have been 
developed over the past 30 years in an effort to simulate in situ conditions and characterize the 
soil's response to undrained static and cyclic loading. Castro (1969) performed extensive stress-
controlled tests on a variety of specimens with different gradations, grain sizes and shapes of sands 
prepared by the moist-tamping method. The steady state line was found to be a unique function of 
void ratio for each material and thus a potentially useful reference line. However, conflicting 
evidence regarding this concept of uniqueness exists in the literature (Poulous, 1981; Poulos et al., 
1985; Alarcon et al., 1988; Frost, 1989; Konrad, 1990a, 1990b; Vaid et al., 1990; DeGregorio, 
1990). 
The concept of structural collapse was introduced to explain the sudden increase in pore 
pressure associated with the initiation of strain softening under either monotonic or cyclic loading 
(Alarcon et al, 1988). The concept was used to explain why steady state conditions in drained 
shear are not necessarily the same as in undrained shear. The pore pressure response of sand in 
undrained shear depends not only on the potential volume changes, as determined in drained tests, 
but also on the tendency to collapse, i.e. tendency for a sudden change in particle arrangement 
(fabric). The degree to which a specimen collapses, and hence its steady state position in the state 
diagram, is dependent of the loading conditions and the initial fabric of the sand (Degregorio, 
1990; Frost et al, 1991). Ibrahim and Kagawa (1991) showed the effects of the specimen 
preparation method on the fabric of sand and the change of sand fabric due to cyclic loading 
leading to liquefaction. With the help of microscopic measurement it was qualitatively observed 
that for a "randomly" arranged sand specimen prepared by dry pluviation, cyclic shear tends to line 
up the arrangement of sand particles, resulting in a less random arrangement of sand particles. In 
the case of "regularly " arranged sand specimen prepared by wet tamping methods, the opposite 
trend was observed. 
Fabric Effect on the Behavior of Sand 
Fabric refers to the arrangement of particles, particle groups, and pore spaces in a soil. 
Fabric is usually defined as the spatial arrangement of particles, which includes the orientation of 
each particle, the distribution of the contact normal, and the distribution of void ratios. The 
characteristics of the fabric depend on the sample preparation method. 
Figure 1 compares results from tests performed on specimens at approximately the same 
void ratio but prepared using different techniques (Frost, 1989). The specimens exhibit 
significantly different behavior in terms of both peak strength and post-peak strain softening. It is 
also noted that the stress-strain curve for the specimen prepared using the dry tubing method 
exhibits larger local fluctuations when compared to the specimen prepared with the modified air 
pluviation method and this is believed to reflect the importance of fabric at a more local level even 
at shear strain levels approaching steady state. Figure 2 shows similar variations in stress-strain 
behavior and stress path for three specimens at almost the same void ratio but prepared by different 
methods (DeGregorio, 1990). 
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Figure 1. Effect of Method of Preparation on Stress-Strain Behavior (Frost, 1989) 
(b) (a) 
Figure 2. Effect of Method of. Preparation on 
(a) Stress -Strain Behavior (b) Effective Stress Path (DeGregorio, 1990) 
Structural Collapse in Cyclic Tests 
At a given void ratio, the monotonic stress path seemed to constitute a collapse boundary 
that determines the initiation of strain softening behavior under cyclic loading, provided that the 
stress paths are similar and the cyclic shear stress amplitude is larger than the steady state strength. 
The initiation of strain softening behavior is characterized by an increase in the rate of pore 
pressure generation. The manner in which the pore pressure generation rate increases for a given 
void ratio is related to the actual stress state at which the stress path during cyclic loading reaches 
the effective stress path from the monotonic test (point C, C' in Figure 3) 
Figure 3 Schematic Stress Path for Monotonic and Cyclic (after Alarcon et al, 1988) 
Fabric Quantification 
The importance of fabric was noted earlier in the behavior of saturated sand under 
monotonic and cyclic loading. This research project has resulted in the development of image 
analysis based methods to quantify the fabric of specimens of granular materials. Techniques to 
examine local void ratio distributions, anisotropy (fabric tensor), and uniformity have been 
developed (Kuo, 1994 - Attachment #1). The method and results are presented in detail in a paper 
that has been submitted to Geotechnique for possible publication (Attachment #2 ). 
The methodologies that have been developed, have been used to study the evolution of 
fabric in cohesionless soils under drained monotonic loading and relate this to the observed 
collapse behavior. Accordingly, the initial and post- consolidation fabric of specimens (point 0 and 
A in Figure 3) prepared by 2 different sample preparation methods have been quantified with the 
help of the new methodology. Further, changes in the fabric have been observed at points B, C, 
and D under monotonic loading. Points B is on the monotonic stress path at an effective stress 
4 
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SUMMARY 
A soil mass is essentially composed of discrete soil particles, the mechanical 
behavior of which is influenced to a great extent by the arrangement of individual 
particles, particle groups, and pore spaces. This arrangement is usually termed "fabric". 
Previous work on fabric analysis brings recognition of the importance of fabric in the 
observed response of particulate media under monotonic and cyclic loading. However, 
most studies on soil fabric still yield results that are more qualitative than quantitative. 
The reason for this disappointing progress to date is clearly that the existing quantitative 
techniques were too laborious. This research explores a new, viable procedure of 
quantifying soil fabric with the aid of an image analysis system. New procedures which 
integrate aspects of image analysis, mathematical morphology and stereology have 
provided valuable insight into the fabric of soil. 
The fabric of granular materials is quantified by employing image analysis 
techniques to examine its local void ratio distribution, its anisotropy (fabric tensor), and 
its uniformity. A new method using image processing and analysis techniques was 
developed to determine local void ratio distribution. This method eliminates the 
operator judgment and the manual work of earlier studies, and makes local void ratio 
distribution more viable as a parameter to quantify sand fabric. The defmitions and 
measurement techniques for some stereology based fabric tensors: surface area tensor, 
mean free path tensor, and porosity tensor are introduced. Those measurement 
techniques are then implemented using an automated image analysis system. Computer 
algorithms are developed that allow determination of these fabric tensors easily using 
image analysis techniques. Experimental examinations of uniformity at a small scale are 
xiv 
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Abstract 
Fabric tensors which characterize the distribution of directional data from 
microscopic observations are considered to be a useful measure of anisotropy for granular 
(.1t-AelaaivtagetA -A- 41S 
materials. This paper describes several steivology based fabric tensors such as surface 
area tensor (Se), mean free path tensor (A u ) and porosity tensor (No) whose formulations 
in three dimensions can be obtained with observations on three mutually perpendicular 
planes. The measurement teAlmiques and the implementation of these measurement 
techniques using image analysis are described. The implementation of these techniques 
is illustrated using typical images. The sensitivity, generality, practical implications and 
limitations of the techniques are also discussed. 
Introductioq 
There is increasing evidence that the mechanical behavior of granular materials 
depends to a great extent on the relative arrangement of voids and particles or "fabric". 
Several attempts have been made to develop &brie tensors which describe the packing of 
granular materials (e.g. Oda et al., 1985;.  Cowin, 1985; Tobita, 1989; Muhunthan, 1991). 
Fabric tensors which characterize the distribution of directional data arc measures of the 
anisotropy of the microstructure and are thus considered to be useful measures of fabric 
in addition to porosity for granular materials. Moreover, they can be used explicitly in a 
constitutive model thus allowing the discrete granular medium to be described in a 
continuum sense (e.g., Tobita, 1989; Muhanthan, 1991; Oda and Ohnishi, 1992). 
The spatial distribution of various rnicroraechanical quantities such as contact 
. 
normals, the orientation of long axis of particles and the shape of associated voids have 
been used to define the fabric tensor. However, it is almost impossible to identify contact 
normals or the particle orientation for each particle in three dimensions. In practice, two 
, 	. 
dimensional equivalent tensors that can be determined by measuring contact normal 
distribution (or particle orientation) from vertical and horizontal sections are introduced. 
• 
Then, the two dimensional equivalent tensors (PO are extended to one three dimensional 
fabric tensor (F a ) under assumptions of(1) axial symmetry and ( 2) the principal values 
of P and in two dimensions (2-D) are proportional to the principal values F 1 and F2 
in three dimensions (3-D) (Oda and Nakayama, 1989). Furthermore, the determinations 
of contact normal, or branch, or void polygon rely on the contact of particles in 2-D 
sections. However, particles which contact In 3-D are unlikely to contact in a 2-D section 
since the probability of intercepting the contacts in a 2-D section is generally very small. 
This paper describes different fabric measures for granular materials in which 
fabric tensors are formulated in three dimensions based on the principle of stereology. 
Stereological methods are tools for obtaining 3-D quantitative information based mainly 
on observations made on 2-D sections. Hilliard (1967) has provided a mathematical 
framework for the quantitative description of anisotropic structures. He dealt with the 
orientation distribution of lines in a plane, of surfaces In space, and of lines in space and 
related them to the number of intersections per unit length of test line, P 1,, and the 
number of interactions per unit area of test plane, P A . If intersections arc counted fbr 
each different orientation of the pnibe line or plane, them the "structure anisotropy", i.e. 
the distribution of the curves or surfaces can be determined, Milliard's method was 
further formulated into a Cartesian tensor by Kanatani (1984a, 1984b, 1985a). ICanqtant 
described distribution densities of directional data in terms of what he called fabric 
tensors. He first generalized Hilliani's 'method for different types of problems into a 
single mathematical framework called the I3uffon transform. Then, he derived its inverse 
transform in term of Cartesian tensor equations which made it possible to determine the 
fabric tensors directly from the results of iniaseetion counting. 
Muhunthan (1991) outlined an experimental technique for determining the 
. 	. 
components of a void tensor from microscopic observations which makes 	lassical 
stereology principles and the analysis by 1Kanatani (1984a, 1984b, 19 5a . Ho 	er, 
Muhunthan's scheme has been shown to introduce bias into the resu oft analy 	A 
a 
revised methodology (Kuo and Frost, 1993) was subsequently proposed by considering 
the concept of Reptuxive Element Circle, REC., to minimize the bias. 
61. 
 
This paper er tyst441mseveml stereoloo based fabric tensors such as surface area 
tensors (S e ), mean free path tensor (X 0 ), and porosity tensor (No ). The measurement 
techniques presented can be very efficient when they are implemented using an 
automated image analysis system as illustrated. 
logical Method 
A brief summary of the stereological method is presented herein. Detaila 
information of the theoretical develoPments can be found elsewhere (Kanatani 1984a, 
1984b, 1985a). Examples of using this 'approach for geotechnical engineering purpose 
can also be found (ICanatani, 1985b; Muhunthan, 1991). The stereological approach 
offers a unified tensorial formulation for fabric tensors In which the structure of materials 
can be modeled via two measures : a scalar measure giving the mean value of a fabric 
descriptor and tensors giving its directional distribution in space. A symmetric 
distribution density f(n) is expressed in the form 
f(n).--C-114Don 
" m 
+D n-n.rtI n I  +....] 4n  (1) 
where C = if(n)dn and the fabric 'tensor Di 1  are the nth "fabric tensor" of the 
distribution. 
b,"„ high order fluctuations of the distribution density f(n) can be neglected, 
Ube,. ihist f(n) is approximated by 
CI • 
f(n) ft L'I+D 4n ; nd, 	 (2) 7 
itot, is to approximate distribution density i(n) with a ellipse in 2.-D or a ellipsoid in 3-D. 	• 
It has been shown that the mean value C and Mile tensor D I can be obtained 
from two integrations., M(l) and M h, (I) of the observed quantity N(m) on three 




M o(i) = 	iN(m)dm 	 (4) 
CO) 
where C(1) is a unit circle encircling 1 perpendicularly, ids the line integral along C(I) 
normalized to 2 it . 
Experimental observations are based on throe perpendicular planes with basis 
vecto 	0,0), c2 0,1,0), c3 (0,0,1). For each plane, measurements are repeated for 
test pro 	ted in sev 	ons 	?ON, m:11,1,2,...,N-1. 
can 
M(ek) and M o (ek) ai 	computed from: 
M(e k ) ,n2rel1se./N 
N-I 
M-(0 ) = tTEN 21) oh(2= N) / N 
n4 
cue 
where ij,k1s-apormurtationfrof 1,2,3 
Stamilogical Based Fabric Tensors and  . Their Determinations UsingffinagLArbm rda 
Based on the analysis of Kanatani, stereology based fabric tensors such as surnice 
area tensors (Su ), mean free path tensor (Al), or porosity tensor (Nti ) are proposed. This 
(5) 
(6) 
section discuss the definitions of 	— itezeology based fabric tensors and their 
detenninatioiusing imaging technic' 
The work reported herein was performed using a Cambridge Instruments 
Quantimet Q570 image analysis system (Leica Cambridge Ltd., 1991) although any 
system of similar capabilities could be used to program the algorithms described herein. 
The techniques discussed herein rely on two types of measurements made on binary 
images: 
1. Field Measurements - one total value per parameter for each field; 
2. Feature Measurements - one Individual value per parameter for each isolated object 
004 
(feature) in the field. Basic parameters such as areaA perimeter 	are measured and 
allow a complete quantitative description of the image contents. 
The general procedure for implementing the measurements with an image 
0 .14 • 
analyzerSsummarized In Figure I. In the figure, the "Image pre-processing" stage is the 
stage to enhance the image to be analyzed and is case specific depending on the specimen 
illumination and capture conditions. Details used for studies of the type described herein 
are provided by Kuo and Frost (1995). 
Starting with a good binary image (Figure 2), the procedure for image analysis 
implementation is summarized below: 
Surface Area Tensor :  
The orientation distribution function of 5,00,0) which is defined as thc fraction of 
surface area per unit volume having a unif normal vector in the range (to to ($ + d$) and 
0 to (0 + dO) can be used as a quantitative descriptor of anisotropy. The total surface 
area density, S v , is given by simply integrating this function over a unit sphere. 
Let S.(n) 	Sorti ni i 
4n 	• • 	• 
where 	S, fS,(n)dn 
and Sn is called the surface area tensor. 
Based on Kanatani's (1934a, 1984b, 1985a) analysis, sv and So can be obtained 
by observing 13 ),(0), the number of intersections with the surface per unit length of test 
line at direction m. 
The test probe for determining the number of intercepts per unit length in a given 
direction O m ,PL(0.), is a set of parallel test lines (see Figure 3). To identify the 
intercepts of test lines and soil particles, ok Image processing operation "outline" is first 
used to ident11), the outlines of particles in the image (Figure 4). The intercepts (shown as 
Figure 5) are simply obtained by using a logical "and" operation on the images from 
Figure 3 and 4. The intercept count P(G m. ) then can be obtained by counting the number 
of intercepts in Figure S. 
The total length of test lines is obtained from the coordinates of the two end pixels 
: 	. 
of each test line. For a test line with two end pixels (x o ,ye ) and (x i , yi ), the length of 
this test line in unit of pixel is calculated tui ; 
1. =qxi -x0)2 +(yi 	I 	 (9) 
The number of intercepts per unit length P L(0m ) is simply the ratio of the 
intercept count P(0.) to the total length of all parallel test lines 11,(0.) on a given 
' 	torl direction zn. When all the directions of P L,(0„,)rtak been determined, hopls/tedadk,do 
imensional distance between 
free path A,(440) also gives a 
oat towitAbi 
ieknisinir M(e1) and M3j (ek) and then 
(Sv and So ),Aff_ 
skist the mean descriptor and fabric tensor 
Mean Free Path Tensor-, 
The mean free path, A,, between particles is a spatial parameter of importance in a 
particulate system. Mean free path, X., is essentially a mean edge-tn-edge distance. It 
represents the uninterrupted interparticle distance through the matrix averaged between 
all possible pairs of particles and gives the true 
particles. The directional variation of iibtkinneasu 
quantitative description of anisotropy. 
The orientation distribution 4n) is described by the mean free path, A., and the 
mean free path tensor, X. 
as 11 	u  n. 11 	A,Ill + A.. Jj 
The test probe for determining mean free path tensor (AI ) is also a set of parallel 
test lines In a given direction Elc; (Figure 3). To determine the mean free path tensor 
(X s), the free paths between particles (Figure 6) can be obtained by applying the logical 
operation "and" to the test lines (Figure 3) and the inverse of the example image (Figure 
2). 
14sLit ikmdtv 	 "feature measurement" *Figure 6. The total length of free paths 
. 	 fr". bk• 




To calculate the mean fire path at a given direction 40), the number and the 
itt Wte's*I"4.• 
total length of ftee paths 	 The number of free paths is obtained fb7eaezrofgotVtA 
,414.4-/ 
-
 *tat-dipfr 44ffet 
7 
Figure 6. Since the width of all test lines (free paths) is I pixel, ihe number of total pixels 
. 	. 
of free paths is the total length of free paths if all lines arc "straight". 
However, except for horizontal and vertical directions, lines have a saw-tooth 
appearance in a digitized image (sec Figure 3). For a given direction (0,,,), the factor 
k(0.), which is the ratio of pixels number to the true length of lines on a digital image, is 
equal or greater than I and should be aecountediP  This factor k(O m ) at any specific 
direction O. can be obtained by applying "field measurement" to the test lines at the 
direction (Figure 3) to obtain the total number of pixels of test lines and by calculating 
the true length of test lines T140 m ) as previously described. Knowing the factor k(0 ,$), 
614:4":144 
the total length of free paths is then equal to the total pixel numbers of free paths/140. 
When all the directions of X(0„,) has been detennined,ikstotii4ltd-eMpuitiM(e k) and 
Me (et) and titaficildratitaa the mean free path, X and mean free path tensor, Al o-eakk Co.f.e.JA4 
The orientation distribution function of N(1),O) which is defined as the porosity, 
the ratio of void volume to the total Voluble, of the volume element in the orientation 
Csti,‘ 
range + to ($ + d+) and 0 to (0 +d0),64,de also be used for quantitative description of 
anisotropy. This ibnction is described by the porosity of the specimen no and the porosity 
tensor, Njj , as 
-1■1(11)7 
iA 
The linear fraction of void 1 7) (40) I used as an estimator of volume fraction of 
• 
void (porosity), N(+,0), and the test probe is a test line within the region between two 
representative element circles (RECs) in a given direction 0,„ ( Kuo and Frost, 1993). 
t MAAA 
Porosity Tensor; 
Before the test line can be drawn, the regions of RECs needkto be determined. A 
prop= was written to measure the porosities of on image with different sizes of square 
measure frame. For the image of Figure 2, the measured porosities with different size of 
(sett 
measure frame are shown in Figure 7 OP show ittlutt the measured porosities become 
stable after the width of measure frame is larger than about SO pixels. Based on this 
information, the radius of the inner REC(ri ) and the outer REC(r2 ) can be selected as 40 
pixels and 230 pixels (see Figure 8, ri2 ' w, and r2 5 0.5 • w 2 ). Note that this value is 
related to the size of the particles in the image and thus should be computed for each 
experimental configuration. 'This issue is discussed further later in this paper. The test 
14. 
line within the region between the two RECs in a given dinxtion O. is shown is/Figure 
9. 
To determine the porosity tensor (NO, the portions of test line occupied by voids 
l,(0.) (Figure 10) can easily be obtained by applying a logical operator to the test probe 
and the invasion of the example image. The fraction of the test line occupied by voids 
1 p (0.) can be determined by the ratio of the number of pixels measured when "Field 
Measurement" is applied to the test line (Figure 9) and the portions of the test line 
occupied by voids (Figure 10), Wien all the distribution of 1 p (O.) has been computed,dt 
/19iskaflyia.4erate M(ek) and M (ek) and then the mean descriptor and ilsbric temsor,n o 
 and N11, can be eld'eggiecte istgr,:4.441. L ,,,t, 
Similarly, if only a single plane section is available, two dimensional tensors: 
length tensor (1, u ), mean free path tensor 06 0 ), and area fraction tensor (A u) can also be 
obtained by measuring the distributions of intercept density P i,(01,), mean free path 
X(0.)„ and linear fraction l,(0.) respectively. 
The imaging implemaastiutt of measurement techniques for determining•
stereology based fabric tensors described above \progmnuned using the Q570 image 
analysis system built-in Basic like Macro-language- QBASIC, and the codes can be 
. 	. . 
found in Kuo and Frost (1995). 
Illustration of the Techniques 
ApplicatianuoTminpasnaimaj Imam 
For the binary image shown in Figure 2, the resulting mean fabric descriptors 
and fabric tensors using the measurement techniques described above are 
and 
and 
LA = 0.067 / pixel, 
X = 23.905 pixel, 
A =0.478, 
. F-0.0092 — 0.00751 
I —0.0075 	0.0092 
1"-0.0054 0.00321 
)41 - 10.0032 	0.0054] 




The results of "field measurement" of the binary image ( Figure 2) show that the 
area fraction of voids is 0.489. It is evident that the proposed measurement technique 
gives a very good approximation of the area fraction of void which is 0.478 measured 
using the stereology based method versus the value of 0.489 obtained directly from the 
field measurement. Similarly, the total length per unit area, LA, can be obtained from 
the results of field measurement aa.perimeter/ frame area which is 0.065/pixel. The 
proposed stereological measurement technique estimates the value of L A as 0.067/ pixel 
which again agrees closely with the value obtained from the field measurement. 
The results of "field measurement" offer an independent check to the proposed 
measurement techniques. The good agreement between the results of the proposed 
l 7 
measurement techniques and the "field measurements" supports the correctness of the 
measurement techniques and their irinp1ementation. 
licattkpasollimPimensional Town 
For images from three orthogonal planes (Figures 11-13), the surface area density 
and surface area tensor are given as: 
= 0.1545/ pixel 
{ 03430 0.0180 0.0331 
	
S. = 0.0180 0180 - 0.1654 0.0164 	(15) ,w 
- 0.033 1 	0.0164 - 0.1776 
The mean free path and mean frcC path tensor are given as: 











and the porosity and porosity tensor are given as: 
no  = 0.362 • ' 
0.0087 







- 0.0479 1  
(17) 
The calibration factor for images shown in Figures 11 to 13 is 0.025 mm/pixel. 
'Thus the surface area density S is 6.18/mm„ and the mean free path X, is 0.222 mm, and 
the porosity n o is 0.362. The estimated porosity 0.362 agrees well with the global 
specimen porosity of 0.366. 
Theoretically, there are Interrelationships between surface area density S e,, 
mean free path X, and porosity n 0 . It cam be shown that (Underwood. 1970): 
4 n ...—L 
SV 
(18) 
For n o of 0.362, Sy of 6.18/mm„ X is calculated as 0.234 mm from equation 18 
which agrees well with 0.222 mm obtained with the proposed procedure. 
•, 
Discussion 
Surface area density S y , mean five path X, and porosity n o are physical 
properties of materials which possess real physical meaning. It has been shown in this 
paper that Sy , A., and n o and their corresponding fabric tensors could be obtained from 
distribution of measurable quantities : intercept density P L(0„,), mean free path me.), 
and linear fraction 1 p (0.) respectively. Sy , X., and n o and their corresponding fabric 
tensors are important structural parameters in practice. The behavior of soils arc closely 
related to these parameters. For example, by knowing surface area and porosity, 
permeability can be estimated from the Kozeny - Carman relation. Berryman and Blair 
(1987) have utilized the Kozeny - Carman relation to estimate the permeability of porous 
materials where porosity and specific surface was are provided from image analysis 
measurements. 
As shown in equation 18, there tare 	between surface area 
density, S y , mean free path, X., and porovity, n o , so only two independent parameters 
• • 	8Lbae ede 
exist among these three parameters. Similarly, Meoottbeasettala interrelationships 
• 
between surface area tensor, mean free path tensor inch porosity tensor. Among these 
three tensors, any two are expected to be Independent. Thus, to dilly quantify the 
anisotropy of the material, at lead two such fabric tensors may be needed. 
The eigenvalues of fabric tensor indicate; the degree of anisotropy, and the 
corresponding principal axes show the principal directions ofg liZIstribution fimetiontl , 
Muhanthan (1991) proposed the use of the second invariant J 2 of fabric tensor 4) y as a 
fabric parameter. J t 
where if =32 =
6
[(kiln — 41 22) 2 +. 01 23 — 4'03 4*(41 33 — ‘11 02 ]+ 142+443 4- lit (19) 
,hiptile*Vesectfraarthe-seriaitfelwge 	ltremeetlestimpliotiewaind, 
--ii&dtionsefa `thelbehniqeeeeareAleweel l. 
Sensitivity Stpdy 
For the illustrations described above, the test set (Figure 3) had interline spacing 
of 10 pixels and was rotated for every 10 . degrees of orientation. It is of interest to 
evaluate the sensitivity of the proposed methods to different line spacing and orientation 
increments. Detailed analyses have been conducted (Kuo and Frost, 1995) and show that 
this setting will be adequate for most soil images In practice, although this factor should 
be routinely verified. 
The effect of the increment of orientation on the measured area fraction and area 
fraction tensor (or porosity and porosity tensor for 3-D) was also examined. Current 
• .• 	• . 
measurements arc based on a 5 degree increment for the orientation. Kuo and Frost 
(1995) show that the increment of orientation should he less than or equal to 10 degrees 
to obtain a reasonable estimate of area fraction and associated fabric tensor. 
•.. 	• • 
The analyses show that the : Oran ciefiluh values for the line spacing and 
orientation increment are adequate. However, the appropriate setting of line spacing and 
orientation increment is case dependent. Since the determinations of mean fabric 
descriptor and its associated tensor can be efficiently performed with an image analysis 
■ •• 
system (less than 3 minutes with current spacing and orientation values), it is 
recommended that these defaults be,reutinely verified. 
Generality of Methodology 
The formulations of fabric tensors introduced in the paper are based on the 
principle of stereology. The attraction of these proposed stereology based fabric tensors 
is that there are no assumptions on the shape or size of particles and voids. Thus, the 
methods developed here our generally be appflied to any materials of interest. Even 
though the illustrations of the methods are made on sandy materials, the methods can be 
applied to clayey soils or cracks in rocks ) far fteeteeie. 
reeekWampkgstiewinethingeAJma 
In general, in order to formulate the fabric tensor in three dimensions, three 
orthogonal planes are needed. However, if axial symmetry is assumed, only one 
horizontal and one vertical plane arc required. lit is reported that the axial symmetry 
characteristic is common in areially deposited sands. However, this characteristic 
disappears in many undisturbed natural sands. This will be likely due to the depositional 
environment where water (or air) flow at the time of sedimentation may have an effect on 
the particle orientation. 
In obtaining the surface area density and surface area tensor or mean free path and 
mean free path tensor from three . orthogonal planes, it is crucial to know the 
magnification and keep the same magnification for each plane observed. For porosity 
and porosity tensor, since the quantities examined are dimensionless, the magnification 
can be unknown. The magnifications of the three planes observed can also be slightly 
different. Of course, keeping the same magnification is preferable. 
The measurements of distribution of porosity versus frame width provides 
guidelines for selecting a suitable sample size for analyzing porosity and porosity tensors. 
54 
It is desired that the radius of inner REC;(ri ) is smaller than 113 of the radius of the outer 
REC(r2) such that over 90% of the area Inside the outer REC is analyzed. For the 
maximum image size of many analyzers (312 pixels x 512 pixels), it is desirable to have 
the radius of the outer REC(r2) as large as jpossible ( 230 or 240 pixels). Thus, the radius 
of the inner REC(ri ) should be kept smaller than 80 pixels if possible. If the distribution 
of porosity does not stabilize at frame widths of up to 110 pixels, it is likely that the 
sample size may be too small. Decreasing the magnification and observing larger sample 
sizes will allow the porosity distribution to become stable within a frame width of 310 
pixels. Figure 14 shows an image of insufficient sample size that Is not suitable for 
.  
analysis of porosity and porosity tensor at 	current magnification. 
Conclusion 
. 	••• 	. 
On the basis of Kanatani's analysis, stercology based fabric tensors such as a 
surface area tensors (S 4 ),a mean free path tensor 	and  a porosity tensor (No) can be 
determined experimentally from microscopic observations. Those measurement 
techniques were implemented using an automated image analysis system. Computer 
algorithms were developed to permit the determination/ of mean fabric descriptors and 
their associated tensors e oiently, using : image analysis techniques. Furthermore, the 
attraction of these proposed stereology based fabric tensors is that there are no 
assumptions on the shape or size of particles and voids. Thus, the methods described 
here can generally apply to other materials. 
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Introduction 
Understanding of the behavior of granular soils under earthquake loading has advanced 
significantly since the mid 1960's as a result of contributions by many researchers around the 
world. These contributions have involved: (a) the development of practical procedures based •  on 
field tests or empirical relationships to permit evaluation of the potential for actual soil deposits to 
liquefy; (b) extensive studies of the behavior of model soil deposits under simulated conditions 
such as in centrifuges; (c) the development of a range of innovative laboratory testing systems to 
apply dynamic loading over a broad range of strains to cylindrical specimens; and (d) sophisticated 
numerical models to analyze the behavior of virtual soil masses using computer simulations. 
Obviously, the preceding list is in no way exhaustive but rather of value to illustrate the breadth of 
approaches which have been used by researchers to gain insight into the behavior of soils under 
earthquake loading. Despite the accomplishments and contributions of the many researchers that 
have performed these studies, there still remain some significant "gaps" in our knowledge and 
hence our framework of understanding. Without doubt, one such "gap" is a clear understanding of 
the role of soil structure. Equally importantly, not only is it critical in our understanding of the 
behavior of real undisturbed soil deposits, but it is central to our interpretation of the results of 
studies using any of the approaches listed above to investigate the behavior of granular soils under 
earthquake loading. Using results from recent and ongoing digital image analysis based research at 
Georgia Tech, this paper attempts to provide new insight into the role of soil structure in post-
liquefaction strength. 
Definition of Post-Liquefaction Strength 
Prior to discussing a number of issues related to the role of structure in the strength of granular 
soils, it is first appropriate to review what is meant by the term post-liquefaction strength in the 
context of the various investigation approaches listed above . 
em Investigation 
Apyroach 
Correct Definition o 	Post- 
Li , uefaction Strength — 
Strength Actually 
Interpreted or Used 
Field studies and Strength after all earthquake Tests typically performed after 
empirical correlations induced pore pressure in soil earthquake and thus reflect true 
 has dissipated  _deposit post-liquefaction strength 
Centrifuge model studies Strength after all simulated Studies tend to model behavior 
earthquake pore pressure in during event rather than provide 
model soil has dissipated post-liquefaction strength values 
Laboratory specimen Strength after all laboratory Steady state or critical state 
tests loading induced pore pressure in strength values and not post- 
has dissi atecl _specimen liquefaction strengths evaluated 
Computer models Strength after all computer Constitutive soil models 
simulated loading induced pore calibrated with steady state or 
pressure in computer model soil critical state strength values and 
has dissi I ated 
1•12•1111=M 
not post-liquefaction strengths 
Table 1 Definitions of Post-Liquefaction Strength 
Two Load Sequence Laboratory Tests 
A review of the strength values interpreted or used in the various investigation approaches 
summarized in Table 1 shows that there are some significant deficiencies in how we have 
historically evaluated post-liquefaction soil strength conditions. In the case of investigations which 
use tests on laboratory specimens, it is not possible to determine post-liquefaction strengths from a 
test with a single loading sequence only, although this is commonly done. In reality, we should 
perform a two load sequence test where after the first undrained loading phase in which we liquefy 
the specimen, we reconsolidate the specimen by allowing drainage to take place, and then reload 
the specimen under undrained conditions. The strength determined during this second undrained 
load phase is the post-liquefaction strength. The results of such a two load sequence test are 
summarized below. 
Figure 1 shows the results of a quasi-static undrained torsional shear test performed on a specimen 
of Ottawa 20-30 sand that was isotropically consolidated to a mean effective confining stress of 
100 kPa and a void ratio of 0.682 (Dr = 24%). The maximum shear modulus was determined from 
a resonant column test to be 82.4 MPa. The specimen was first subjected to a cyclic shear stress of 
about 14 kPa. Strain softening was initiated at a shear strain of about 0.3% after the application of 
9 cycles as shown in the figure at which stage the rate of pore pressure development increased. A 
steady state condition was reached at a shear strain of about 5% and the test was terminated at a 
shear strain of 13%. The shear stress was then removed from the specimen and the drainage lines 
were opened to allow it to reconsolidate isotropically to a mean effective confining stress of about 
100 kPa. The void ratio at this stage had decreased to 0.641 (Dr = 41%) and the maximum shear 
modulus was determined to be 77.5 MPa. It is noted that for this new combination of confining 
stress and void ratio, a maximum shear modulus of about 90 MPa would have been expected based 
on extensive tests on reconstituted specimens prior to the application of large strains. This 
reduction in maximum shear modulus is attributed to a change in the grain structure during the 
initial loading and strain softening phase, thus while the specimen is denser following 
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Figure 1 Cyclic Torsional Shear Test Results during Initial Load Sequence 
At this stage, it was intendled to subject the specimen to a second load sequence of cyclic shear 
stress of about 14 kPa as in the initial load sequence however, during the first load cycle, strain 
softening accompanied by the development of large pore pressure was observed (Figure 2) with 
the specimen reaching steady state at a shear strain of about 3.5%. Several aspects of the results 
shown in Figures 1 and 2 are of interest. The peak shear strength for the reconsolidated specimen 
was attained at a shear strain of about 0.7%, compared to 0.3% during initial loading. The 
application of large shear strains during the mutual loading resulted in a particle arrangement which 
while denser was more conducive to pore pressure buiid-up during subsequent undrained loading. 
During the initial loading, the specimen reached a steady state of deformation at a shear strain of 
5% at which stage the specimen was able to sustain a shear stress of 5.2 kPa at a mean normal 
effective stress of 15 kPa. Following reconsolidation, the denser specimen reached steady state at a 
shear strain of about 3.5 and was able to sustain a shear stress of only 2.6 kPa at a mean normal 
effective stress of 12 kPa. This difference is clearly of interest in that it has been suggested that the 
steady state condition is only a function of the initial void ratio for undrained tests. The results of 
the tests presented above appear to substantiate the argument that the structure may also be reflected 
in the behavior at steady state. Further they clearly demonstrate the difference between post-
liquefaction strength and steady state strength and lend credence to the argument that post-
liquefaction strength determination in the laboratory requires a two load sequence test, one to first 
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Figure 2 Cyclic Torsional Shear Test Results during Second Load Sequence 
Quantitative Measurements of Structure 
There is compelling indirect experimental and analytical evidence that soil structure is a critical 
parameter in the behavior of granular soils under earthquake loading. Ongoing research at Georgia 
Tech is using digital image processing and analysis to provide quantitative measures of the 
structure of granular soils. One parameter which is currently being used is Oda's local void ratio 
distribution. Figure 3 shows the distributions of local void ratio for measurements on two 
specimens of standard Ottawa sand with the same global void ratios but reconstituted using 
different methods of preparation (moist tamping and air pluviation). While the distributions appear 
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similar, there are quantifiable and important differences between them as shown in Figure 4. For 
example, the specimen prepared using air pluviation has a less skewed distribution with more of 
the voids having values near the mode size. Ongoing measurements are quantifying the evolving 
local void ratio distribution at different strain levels during monotonic and cyclic loading. 
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Figure 3 Distributions of Local Void Ratio ror Different Preparation Methods 
One of the important consequences of data such as shown in Figures 3 and 4 is that the manner in 
which global void ratio is used may not be sufficiently precise for many future applications, 
including those to study parameters such as post-liquefaction strength. For example, when 
referring to tests on saturated specimens, the terms "constant volume", "constant void ratio" and 
"undrained" are used interchangeably however while this is true in a global sense based on 
measurements of the mass and volume of the specimen, it may be appropriate to add an additional 
parameter to our terminology to more correctly describe the soil behavior. One approach to this is 
illustrated schematically in Figure 5 which shows the undrained behavior of isotropically 
consolidated specimens at different initial global void ratios. Using q-p'-e space, each test would in 
fact lie on a single plane parallel to the q-p' axes however, at any stress state within a given 
constant e plane, the distribution of local void ratio could vary not only as a function of the initial 
structure but also as a function of the stress path and hence state. This is illustrated in the figure by 
superimposing the local void ratio distribution plots perpendicular to the lines of constant void ratio 
to reflect the fact that while the global void ratio and hence the mean of the local void ratio 
distribution is constant, the distribution of the local void ratio about the mean is changing. 
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Figure 5 Illustration of the Distinction Between Global and Local Void Ratios 
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Quantification of Sand Structure and. Its Evolution During Shearing 
Using Image Analysis 
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Study of Structure of Natural Soil 
• Soil Specimen Tested - Canlex Fraser Delta Sand 
• Image Analysis Results 
Chapter 8 	Conclusions and Recommendations 
SUMMARY 
Quantification of sand structure using image analysis is a noble and promising 
technique in soil mechanics research. It can provide vital information of sand structure, 
such as local void ratio distribution and fabric tensors (sand particle orientations), which 
directly affect the behavior of sands. However, accurate quantitative measurement of 
image requires high quality specimens, specimen coupon surfaces and accurate images. 
A methodology was developed to preserve the structure of soils. Factors affecting 
the quality of the preserved specimens were investigated. As demonstrated in this 
research, both laboratory reconstituted soil specimen and natural soil specimens can be 
effectively preserved using this methodology. 
A procedure was developed to prepare specimen coupon surfaces for image 
analysis. The effects of illumination and polishing on captured images were studied and 
discussed. The importance of image quality and accuracy in image quantification was 
emphasized. Procedures to calibrate an image were developed. 
Specimens of laboratory reconstituted sand (ASTM Graded Sand), prepared by 
both moist tamping and air pluviation to different void ratios, were preserved by the 
developed epoxy impregnation procedure. Image analysis were then performed on the 
images captured from prepared specimen coupons' surface to quantify sand structure. 
Local void ratio distribution and spatial void ratio distribution of these specimens were 
calculated. Statistical parameters, the mean and the standard deviation, of local void ratio 
distributions were found to be a function of the specimen preparation methods and 
specimens' densities. The characteristics of these two parameters with respect to moist 
tamping and air pluviation of ASTM graded sand were identified. 
Spatial variation of void ratios was also studied. It was evident that, specimens 
prepared by air pluviation were not as uniform as expected. In specimens prepared by 
moist tamping, large variation of void ratios across the boundaries of moist tamped layers 
was also observed and quantified. 
The effect of specimen preparation methods on the orientation of sand particles 
was studied via the anisotropy of the sand. The sand particles in moist tamped specimens 
were found to be more randomly oriented. It was also found that, air pluviation produced 
specimens with sand particles more horizontally oriented. 
The evolution of sand structure along a stress path was studied via a series of 
specimens preserved at different states of triaxial shearing. According to the local and 
spatial void ratio distributions of the specimens, it was evident that, the dilation of sand 
particles initiated in the central region of a specimen during barreling failure. From this 
region, the dilation of sand particles expanded in all directions. Nevertheless, while the 
central region has reached critical state other regions, especially at both ends of a 
specimen, still maintained much lower void ratios. It was also found that, while sand 
particles dilated and approached critical state, void ratios became more uniform. 
The shear band developed in a catastrophic failure was studied. From the spatial 
void ratio distributions, it was evident that sand particles had reached the critical state in 
the local regions along the shear band. 
The anisotropy of sand particles during and after failure was studied. It was 
observed that, a strong particle alignment does not necessarily translate to high void ratio. 
It was therefore suggested, the major realignment of particles was a consequence of soil 
mass movement. 
From this study, it was clearly evident that, the state of a soil can be more correctly 
identified by localized behavior of the soil, instead of the global measurement of a 
specimen. To quantify these localized soil behaviors, new technology is required. The 
methodology developed in this research proved itself as viable and practical. The study of 
natural sand (CANLEX Delta Fraser Sand) also demonstrated that, this methodology can 
effectively quantify the in-situ structure of the soil. 
It was concluded that, statistical parameters, such as the mean and the standard 
deviation of the local void ratio distribution, should be introduced into existing mechanical 
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e_mean = 0.658 	- from distribution 
stdv so 	0.363 
stdv/mean= 0.553 
skewness = 2.567 
min MB 	0.000 
malt ® 9.058 
Note: Values based on solid 
area weighted distribution 
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12128/96 	 Deh-Deng Jang 
J15F.XLS 




b 	i..) 0 
















Z 	r4 A 	
NI 
a 
t4 p.) r,) 
& a a 
Void Ratio 
54 	54 	54 	:61. 	Ob' 	In 	:i'' 	A 
A a a 0 P4 A Ch k0 
54 	54 	A 	A 	A 	A 	6h 	NI al co b 1.) I. a co b 
20 % 
12/28/96 	 Deh-Jeng Jang 
Local Void Ratio Distribution 
Image: J15u 
N_polygon = 2720 
	
e = 	0.693 	- field measurement 
e_mean = 	0.688 	- from distribution 
stdv = 0.399 
stdv/mean= 0.580 
skewness = 2.235 
min s 0.008 
max In 	7.667 
Note: Values based on solid 
area weighted distribution 
C■ Solid Area Weighted Distribution 
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